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Integrals of logarithmic forms on semi-algebraic sets and a
generalized Cauchy formula
Part I: convergence theorems
Masaki Hanamura, Kenichiro Kimura, and Tomohide Terasoma
Abstract
In this paper consisting of two parts, we study the integral of a logarithmic differential
form on a compact semi-algebraic set in Rn or Cn. In Part I, we prove the convergence of
the integral when the semi-algebraic set satisfies allowability (or admissibility), a condition
on the dimension of the intersection of the set and the pole divisor of the differential form.
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This paper consists of two parts. The purpose of Part I is the study of integrals of differential
forms on semi-algebraic sets on Rn or Cn. In particular, we investigate conditions under which
the integral converges. In Part II, we formulate and prove a generalization of the Cauchy
formula for integrals on semi-algebraic sets. The formula will play a key role in constructing
the “Hodge realization” functor from the category of mixed Tate motives over C.
The integral we consider is typically of the form∫
A
dz1
z1
∧ · · · ∧ dzn
zn
where A is a compact semi-algebraic set of dimension n in Cn. For instance, for a real number
a with 0 < a < 1, we have
∫
[a,1]
dz/z = − log(a); for the set Sa = {(t1, t2) ∈ R2 | 0 ≤ t1 ≤ 1, 0 ≤
t2 ≤ a, t1 + t2 ≥ 1}, we have ∫
Sa
dz1
z1
∧ dz2
z2
= −Li2(a)
where Li2(z) =
∑
n≥1 z
n/n2, |z| < 1, is the dilogarithm function. More generally values of
the polylogarithm functions Lip(z) =
∑
n≥1 z
n/np, p ≥ 2, can be expressed as integrals on Cn.
Other examples arise as the period integrals of the cohomology Hn(Pn − (∪Hi), X − (∪Hi) ),
where Hi = {zi = 0}, i = 0, · · · , n, are the coordinate hyperplanes and X is a subvariety of Pn.
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For examples of such integrals which naturally appear in algebraic geometry, the convergence
may be verified by direct methods. On the other hand, one may seek for a general geometric
condition for the convergence. Answering this question, the results in this paper, Theorem
(3.12) and Theorem (4.4), ensure the convergence under a simple assumption on the dimension
of the intersection of the semi-algebraic set with the pole divisors of the form.
In §1, we give a general discussion on the definition and properties of integrals of differential
forms on a semi-algebraic set, based on the Lebesgue integration theory. For this we first
describe Lebesgue integration of a smooth form on a smooth manifold; this material is included
for lack of appropriate reference and for setting up the necessary notation. We then study
integration on a semi-algebraic set. Let S be an oriented closed semi-algebraic set of Rn, with
dimS = m, and let ϕ be a smooth m-form defined on an open semi-algebraic set U of S, which
is a Nash submanifold of Rn, with dim(S\U) < m. Then one can define the integral ∫
S
|ϕ| as∫
U
|ϕ|, which is a non-negative real number (possibly infinite). When ∫
S
|ϕ| < +∞ (we then
say that
∫
S
ϕ is absolutely convergent) one can also define the integral
∫
S
ϕ, which is a real
number. For the arguments in §1, some basic results on semi-algebraic sets are needed; we have
indicated how they can be derived from known facts found in [BCR].
In §2, we establish some basic results which will be useful throughout our paper. We
first show Proposition (2.5). As a consequence, if S is compact semi-algebraic of dimension m,
h : S → Rℓ a continuous semi-algebraic map, and ψ a smoothm-form defined on a neighborhood
of h(S) in Rℓ, then the integral
∫
S
|h∗ψ| is finite. (This is an “easy” convergence theorem.)
Another consequence of Proposition (2.5) is the Stokes formula: if S ⊂ Rn is a semi-
algebraic set, S = ∆m as a semi-algebraic set of Rn, and ψ a smooth (m− 1)-form defined on
a neighborhood of S, then one has ∫
δS
ψ =
∫
S
dψ .
Note that it has been known that the Stokes formula holds more generally for sub-analytic sets
(see [He]). See also [OS] for a different approach in the case of semi-algebraic sets.
In §3, which is central to Part I, we consider the following question: Given an oriented
compact semi-algebraic set A ⊂ Rn of dimension n and a smooth n-form ω defined on an open
set of A, under what condition the integral
∫
A
ω converges?
We assume that ω has only logarithmic singularities along the coordinate hyperplanes. An
non-empty intersection of coordinate hyperplanes is called a face. We introduce the notion of
allowability for a closed semi-algebraic set A of Rn as follows: A is allowable if the intersection
of A with any face F has dimension strictly less than dimF . Our main result is Theorem
(3.12): If A is compact and allowable in Rn, and ω is a logarithmic n-form, then the integral∫
A
ω absolutely converges. The proof is outlined at the beginning of §3.
In addition, we consider the slice of A by a coordinate of Rn, and study its volume with
respect to a logarithmic form. More precisely, for A compact and allowable, let At = A∩{x1 =
t}, the intersection of A with the hyperplane {x1 = t} for t ∈ R with |t| small and non-zero.
Since At is of dimension ≤ n−1, if ω is an (n−1)-form on Rn with only logarithmic singularities,
one has the integral
∫
At
|ω|; we show in Theorem (3.14) that it tends to zero as t→ 0.
In §4, we study integrals on semi-algebraic sets of Cn. For a compact semi-algebraic set
A of Cn of dimension m (where n ≤ m ≤ 2n), and for an (n,m − n)-form ω on Cn with
only logarithmic singularities along the coordinate hyperplanes, we ask when the integral
∫
A
ω
absolutely converges. We define the notion ofm-admissibility onA, and when A ism-admissible,
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we show that the integral converges, Theorem (4.4). The proof consists of reduction to an
integral of an allowable algebraic set in Rm by means of a change of coordinates (essentially by
the polar coordinates) and then applying Theorem (3.12). Also, as a counterpart of Theorem
(3.14), we show in Theorem (4.7) that, for A compact and m-admissible, if At := A ∩ {|z1| =
t ≥ |z2|} for t ∈ R with |t| small, and ω is an (n,m − n − 1)-form on Cn with logarithmic
singularities, then
∫
At
|ω| tends to zero as t → 0. Theorems (4.4) and (4.7) will be effectively
used in the proof of of the Cauchy formula in Part II.
We would like to thank Professor T. Suwa for helpful discussions on the intersection theory
of semi-algebraic sets; they are incorporated in Part II.
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§1. Integration on semi-algebraic sets
Integration on a manifold. Let M be an m-dimensional oriented C∞-manifold (satisfy-
ing the second axiom of countability). By anm-form ϕ onM , we mean a possibly discontinuous
section of ∧mT ∗M , them-th wedge product of the cotangent bundle ofM ; thus on each oriented
chart U with coordinates (x1, · · · , xm), one can write
ϕ|U = g dx1 ∧ · · · ∧ dxm
where g is a function on U with values in R. We say that ϕ is a measurable m-form if, on each
chart U , g is Borel measurable function.
For convenience of the reader, we recall that the σ-algebra B of the Borel measurable sets of
M is the smallest σ-algebra containing all open sets. A function f defined on E ∈ B and takes
values in R ∪ {±∞} is Borel measurable if for any c ∈ R ∪ {±∞}, the set {x ∈ E | f(x) > c}
is in B.
A measurable m-form ϕ is non-negative with respect to the orientation if on each oriented
chart U , the function g is non-negative. Let {Uα} be a countable covering by oriented charts,
and {ρα} be a partition of unity subordinate to the covering. For each Uα, write ϕ|Uα =
gα dx1∧· · ·∧dxm where (x1, · · · , xm) are the local coordinates and gα = gα(x1, · · · , xm) is a non-
negative measurable function. For a Borel measurable set E ofM , define µϕ(E) ∈ R≥0∪{+∞}
as the countable sum
µϕ(E) =
∑
α
∫
E∩Uα
ραgα dx1 · · · dxm ,
where each term
∫
E∩Uα
ραgα dx1 · · · dxm is the Lebesgue integral of the measurable function
ραgα on the Borel set E ∩Uα of Uα; note that Uα is identified via the local coordinates with an
open subset of Rm, where the usual Lebesgue integration theory applies. The value µϕ(E) is
well-defined, independent of the choice of a covering {Uα} and {ρα}; this can be shown using
the change of variables formula for the Lebesgue integral.
The set function µϕ(E) satisfies the complete additivity: If (Ek)k=1,2,··· is a disjoint family
of Borel measurable sets, then
µϕ(
∞∑
k=1
Ek) =
∞∑
k=1
µϕ(Ek) .
Indeed, setting E =
∑
k Ek, by the complete additivity of the Lebesgue integral on each Uα,
one has ∫
E∩Uα
ραgα dx1 · · · dxm =
∑
k
∫
Ek∩Uα
ραgα dx1 · · · dxm .
Taking the sum over α gives the assertion.
We thus obtain a measure space (M,B, µϕ), where B is the σ-algebra of Borel measurable
sets of M . For this measure space we have the usual Lebesgue integration theory, some of
which we briefly recall:
• For a non-negative Borel measurable function f defined on a measurable set E, we can
define the integral ∫
E
f dµϕ ∈ R≥0 ∪ {+∞} .
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(The definition will be briefly recalled in the proof of Proposition (1.1). ) We say that f is
integrable with respect to µϕ if
∫
M
f dµϕ < +∞.
In what follows, we will consider only Borel measurable sets and Borel measurable functions,
so we will often drop the prefix “Borel”.
• For f a Borel measurable function on E, one has f = f+ − f−, where f+(x) =
Max(f(x), 0) and f−(x) = Max(−f(x), 0) are non-negative Borel measurable functions. We
say that f is absolutely integrable with respect to µϕ if f
+ and f− are both integrable (equiv-
alently if |f | is integrable); then we can define the integral of f on E by∫
E
f dµϕ =
∫
E
f+ dµϕ −
∫
E
f− dµϕ ∈ R .
It is useful to note that the integral
∫
f dµϕ can be expressed as a sum of integrals on charts:
(1.1) Proposition. Let M , {Uα}, and {ρα} be as above. Let ϕ be a non-negative measurable
m-form on M and, and write ϕ|Uα = gα dx1 ∧ · · · ∧ dxm with gα a non-negative measurable
function on each Uα.
(1) For a non-negative Borel measurable function f on a Borel measurable set E of M , we
have ∫
E
f dµϕ =
∑
α
∫
E∩Uα
ραfgα dx1 · · · dxm ∈ R≥0 ∪ {+∞} .
(2) Let f be a Borel measurable function on E, which is absolutely integrable with respect
to µϕ. Then, for each α, the integral
∫
E∩Uα
ραfgα dx1 · · · dxm is absolutely convergent; further
the sum
∑
α
∫
E∩Uα
ραfgα dx1 · · ·dxm is absolutely convergent and we have∫
E
f dµϕ =
∑
α
∫
E∩Uα
ραfgα dx1 · · · dxm ∈ R .
Proof. (1) If f = χE , the characteristic function of a Borel measurable set E, then the identity
amounts to
µϕ(E) =
∑
α
∫
E∩Uα
ραgα dx1 · · · dxm ,
which is the definition of µϕ(E). If f is a simple function, namely if f =
∑
ciχEi for a disjoint
finite family of Borel measurable sets {Ei}, the identity holds by linearity.
For an arbitrary measurable function f ≥ 0 on E, there exists a monotonically increasing
sequence of simple functions fn(x) such that lim fn(x) = f(x). For each n we have the identity∫
E
fn dµϕ =
∑
α
∫
E∩Uα
ραfngα dx1 · · ·dxm .
When n→∞, the left hand side tends to ∫
E
f dµϕ by the definition of the Lebesgue integral.
On the right hand side, for each α, ραfngα is monotonically increasing and lim ραfngα =
ραfgα; by a well-known property of the Lebesgue integral, we have
lim
n→∞
∫
E∩Uα
ραfngα dx1 · · · dxm = lim
n→∞
∫
E∩Uα
ραfgα dx1 · · · dxm .
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The identity hence follows.
(2) If f is absolutely integrable, one can apply (1) to f+ and f−, so that∫
E
f± dµϕ =
∑
α
∫
E∩Uα
ραf
±gα dx1 · · · dxm ∈ R .
The assertion hence follows.
Next assume we are given a measurable m-form ϕ on M . On each oriented chart U , one
has ϕ|U = g dx1 ∧ · · · ∧ dxm, where g is a measurable function on U . We have non-negative
measurable m-forms ϕ+ and ϕ− on M with the property that ϕ = ϕ+−ϕ− and on an oriented
chart,
ϕ+|U = g+dx1 ∧ · · · ∧ dxm and ϕ−|U = g−dx1 ∧ · · · ∧ dxm
where g = g+ − g− is the decomposition of g to the positive and negative parts. Then |ϕ| :=
ϕ++ϕ− is another non-negative measurable m-form, and on an oriented chart, |ϕ| |U = |g|dx1∧
· · · ∧ dxm.
We can apply the discussion before to the non-negative forms ϕ+, ϕ− and |ϕ|; associated
with these m-forms are the measures µϕ+, µϕ− and µ|ϕ| = µϕ+ + µϕ−.
Let now f be a Borel measurable function on a Borel measurable set E. If f is non-negative,
we have the integral with respect to the measure µ|ϕ|,∫
E
fdµ|ϕ| =
∫
E
fdµϕ+ +
∫
E
fdµϕ− ∈ R≥0 ∪ {+∞}.
When f is not necessarily non-negative, but absolutely integrable with respect to µ|ϕ| (thus
also with respect to µϕ+ and µϕ−), we have∫
E
fdµϕ+ ∈ R and
∫
E
fdµϕ− ∈ R ;
thus we shall set ∫
E
fdµϕ =
∫
E
fdµϕ+ −
∫
E
fdµϕ− ∈ R.
From Proposition (1.1) and the definitions we obtain:
(1.2) Proposition. Let ϕ be a measurable m-form on M , and write ϕ|Uα = gαdx1∧ · · · ∧ dxm
with a measurable function gα on each Uα.
(1) For a non-negative Borel measurable function f on a Borel measurable set E of M , we
have ∫
E
f dµϕ+ =
∑
α
∫
E∩Uα
ραfg
+
α dx1 · · · dxm ∈ R≥0 ∪ {+∞} .
Similarly for ϕ− and |ϕ|, with g+α replaced by g−α and |gα|, respectively.
(2) Let f be a Borel measurable function on E, which is absolutely integrable with respect
to µ|ϕ|. Then, for each α, the integral
∫
E∩Uα
ραfgα dx1 · · · dxm is absolutely convergent; further
the sum
∑
α
∫
E∩Uα
ραfgα dx1 · · ·dxm is absolutely convergent and we have∫
E
f dµϕ =
∑
α
∫
E∩Uα
ραfgα dx1 · · · dxm ∈ R .
6
Proof. (1) One applies (1.1), (1) to the form ϕ+.
(2) Writing f = f+ − f−, apply (1) to f+ and f− to obtain four equalities∫
E
f ′ dµϕ′′ =
∑
α
∫
E∩Uα
ραf
′g′′α dx1 · · · dxm
where ′ and ′′ are elements of {±}. By the assumption of absolute convergence, all the four
values are finite, and we obtain the assertions.
The following is obvious from the definitions.
(1.3) Proposition. Let ϕ be a measurable m-form on M , E a Borel measurable set, and f
be a Borel measurable function on E. Then f is absolutely integrable with respect to µ|ϕ| if and
only if
∫
E
|f | dµ|ϕ| < +∞; we then have∣∣∣∣
∫
E
f dµϕ
∣∣∣∣ ≤
∫
E
|f | dµ|ϕ| .
(1.4) Proposition. A submanifold N of M with dimN < m is a set of measure zero with
respect to µ|ϕ|. In particular, for any non-negative measurable function f on N , the integral∫
N
f dµ|ϕ| = 0.
Proof. The intersection N ∩ Uα is a submanifold of Uα of dimension < m, and it is easy
to show that it has measure zero with respect to the Lebesgue measure dx1 · · · dxm. Thus∫
E∩Uα
ρα|gα| dx1 · · · dxm = 0, and it follows from the definition of µ|ϕ| that
µ|ϕ|(N) =
∑
α
∫
N∩Uα
ρα|gα| dx1 · · · dxm = 0 .
If ϕ and ψ are measurable m-forms on M , ϕ+ ψ is a measurable m-form.
(1.5) Proposition. (1) Let ϕ and ψ be non-negative measurable m-forms on M . For a non-
negative measurable function f on E, we have∫
E
f dµϕ+ψ =
∫
E
f dµϕ +
∫
E
f dµψ ∈ R≥0 ∪ {+∞} .
(2) Let ϕ and ψ be measurable m-forms on M . For a non-negative measurable function f
on E, we have an inequality∫
E
f dµ|ϕ+ψ| ≤
∫
E
f dµ|ϕ| +
∫
E
f dµ|ψ| .
If f is a measurable function, which is absolutely integrable with respect to µ|ϕ| and µ|ψ|, then
f is also absolutely integrable with respect to µ|ϕ+ψ|.
(3) When f is absolutely integrable with respect to µ|ϕ| and µ|ψ|, we have∫
E
f dµϕ+ψ =
∫
E
f dµϕ +
∫
E
f dµψ .
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Proof. (1) and (2) follow from (1.1), (1).
(3) The first assertion follows from (2) applied to |f |, and the second follows from (1.2),
(2).
If ϕ is an m-form on M and f a function defined on a subset E, then f may be viewed
as a function on M (which takes the value zero outside E), so fϕ is an m-form on M which
vanishes outside E.
(1.6) Proposition. (1) Let ϕ be a non-negative measurable m-form on M , and f be a non-
negative R-valued measurable function on a measurable set E. Then we have∫
E
f dµϕ =
∫
E
dµfϕ ∈ R≥0 ∪ {+∞} .
(2) Let ϕ be a measurable m-form on M , and f be an R-valued measurable function on
a measurable set E. Then f is absolutely convergent with respect to µ|ϕ| if and only if 1 is
absolutely convergent with respect to µ|fϕ|; in this case we have∫
E
f dµϕ =
∫
E
dµfϕ ∈ R .
Proof. (1) Follows from (1.1), (1).
(2) The first assertion follows from (1) applied to |f | and |ϕ|. The second assertion follows
from (1.2), (2).
This shows that little is lost if we consider only the case f = 1. Therefore, in setting up the
following notation, we assume f = 1.
(1.7) Notation. Let M be an oriented manifold of dimension m. For a measurable m-form
ϕ on M on a measurable set E, we will write∫
E
ϕ for
∫
E
dµϕ ,
and similarly ∫
E
|ϕ| for
∫
E
dµ|ϕ| .
With this notation, we have ∫
E
fdµϕ =
∫
E
fϕ
by (1.6), (2); also we have ∫
E
|ϕ+ ψ| ≤
∫
E
|ϕ|+
∫
E
|ψ|
by (1.5), (2), and ∫
E
(ϕ+ ψ) =
∫
E
ϕ+
∫
E
ψ
by (1.5), (3).
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(1.8) Unoriented case. Assume M is not oriented (or even not orientable). Let {Uα} be a
countable covering by unoriented charts, and {ρα} be a partition of unity subordinate to the
covering. Given a measurable m-form ϕ on M , on each Uα, write ϕ|Uα = gαdx1 ∧ · · · ∧ dxm
where (x1, · · · , xm) are the local coordinates and gα = gα(x1, · · · , xm) is a measurable function.
For a Borel measurable set E of M , we set
µ|ϕ|(E) =
∑
α
∫
E∩Uα
ρα|gα|dx1 · · · dxm ∈ R≥0 ∪ {+∞} ;
then µ|ϕ| defines a measure on (M,B). In case M is oriented, this coincides with the measure
µ|ϕ| defined earlier, which justifies the use of the same notation. In general, however, note that
|ϕ| does not have a meaning.
If f is a non-negative Borel measurable function taking values in R≥0 ∪ {+∞} defined on a
measurable set E, we have the integral∫
E
f dµ|ϕ| ∈ R≥0 ∪ {+∞} .
If f is a measurable function on E, which is absolutely integrable, the integral
∫
E
f dµ|ϕ| ∈ R
is defined.
We have an analogue of (1.1), where gα should be replaced with |gα|; the proof is the same.
We also have analogues of (1.4), (2) of (1.5), and (1.6).
As in the oriented case, we will write
∫
E
|ϕ| for ∫
E
dµ|ϕ|.
(1.9) By standard arguments one may generalize all of the definitions and results to the case
of C-valued forms ϕ and C-valued functions f . For example, (1.3), (1.4), (2) and (3) of (1.5),
and (2) of (1.6) hold.
Integration on a semi-algebraic set. Let V be an algebraic set of Rn. We say that
x ∈ V is a non-singular point in dimension d if there is an irreducible component V ′ of V
with dimV ′ = d, such that V ′ is the only irreducible component of V containing x, and x is a
non-singular point of V ′. (See [BCR, Definition 3.3.9 and Proposition 3.3.10].)
If V is an algebraic set of dimension d, then the set of non-singular points of V in dimension
d, denoted Reg(V ), is a Zariski open set of V and the complement V − Reg(V ) is an alge-
braic subset of dimension smaller than d, [BCR, Proposition 3.3.14]. Also, Reg(V ) is a Nash
submanifold of dimension d of Rn ([BCR, Proposition 3.3.11]); for the definition of a Nash
submanifold see [BCR, §2.9].
Let S ⊂ Rn be a semi-algebraic set of dimension m. Let V be the Zariski closure of S (so
V is of dimension m), and
◦
S be the interior of S in V .
(1.10) Proposition. The set Sreg :=
◦
S ∩ Reg(V ) is a non-empty open semi-algebraic subset
of S, which is a Nash submanifold of Rn of dimension m.
Proof. The set S ′ := S ∩ Reg(V ) is a non-empty semi-algebraic subset of dimension m, since
dim(V − Reg(V )) < m. As
◦
S is an open semi-algebraic set of Reg(V ), Sreg is either empty or
an open Nash submanifold of V . It thus remains to show that Sreg is not empty.
By [BCR, Proposition 2.9.10], S ′ is a disjoint union of a finite number of Nash submanifolds
S ′i with dimension di ≤ m. Take an S ′i with di = m (there exists at least one); then it is an
open Nash submanifold of Reg(V ), so it is contained in Sreg, and the assertion is proven.
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We call Sreg the regular part of S. Note that dim(S \Sreg) < m.
(1.11) Proposition. Let f : M → N be a surjective Nash map between Nash submanifolds.
(1) There is an open Nash submanifold U of N with dim(N \U) < dimN such that f |f−1(U) :
f−1(U) → U is submersive (i.e. for each x ∈ f−1(U), the rank of the differential map dxf :
TxM → Tf(x)N is equal to dimN).
(2) Assume further that dimM = dimN = m. Then the map f : f−1(U) → U of (1)
is a local Nash diffeomorphism (i.e., for any point x ∈ f−1(U), there are open semi-algebraic
neighborhoods W of x and U ′ of f(x) such that f |W is a Nash diffeomorphism from W to
U ′). In particular, if f is a semi-algebraic homeomorphism, then f : f−1(U) → U is a Nash
diffeomorphism.
Proof. (1) This follows from Sard’s theorem for Nash maps [BCR, Theorem 9.6.2], which states
that the set of critical values of f is a semi-algebraic set of dimension smaller than dimN .
(2) The differential map is an isomorphism, so the claim follows from the semi-algebraic
inverse function theorem [BCR, Proposition 2.9.7].
(1.12) Proposition. Let f : S → S ′ be a semi-algebraic homeomorphism of semi-algebraic
sets of dimension m. Then there exist open semi-algebraic sets U ⊂ S, U ′ ⊂ S ′, with
dim(S\U) < m, dim(S ′\U ′) < m, such that U , U ′ are Nash submanifolds and f induces a
Nash diffeomorphism U → U ′.
Proof. By (1.10) one may assume that S and S ′ are Nash submanifolds. We conclude by
applying (1.11), (2).
(1.12.1) Corollary. Let S be a semi-algebraic set of dimension m and f : S → R be a
continuous semi-algebraic function. Then there exists an open semi-algebraic set U of S with
dim(S\U) < m such that U is a Nash submanifold and f is a Nash function on U .
Proof. Let
Γ(f) ⊂ S × R
be the graph of f , which is a closed semi-algebraic set; the projection p1 : Γ(f) → S is a
semi-algebraic homeomorphism.
By (1.12), there is an open semi-algebraic set U of S with dim(S\U) < m, which is a Nash
submanifold, such that p−11 (U) is also a Nash submanifold and p1 : p
−1
1 (U) → U is a Nash
diffeomorphism. If f0 = f |U : U → R is the restriction of f to U , then p−11 (U) is identified with
the graph of f0, so it follows that f0 is a Nash map.
(1.13) Let S be a semi-algebraic set of dimension m. We shall define the space of generically
defined smooth differential forms on S. Denote by Op(S) the collection of non-empty semi-
algebraic subsets U of Sreg with dim(S \U) < m, which is a Nash submanifold of dimension
m. Note that if U, U ′ ∈ Op(S), then U ∩ U ′ ∈ Op(S). Thus with respect to the ordering
U ≤ U ′ ⇔ U ⊃ U ′, Op(S) is a directed set.
For U in Op(S), Ap(U) denotes the vector space of smooth p-forms on U . If U ′ ⊂ U are
subsets in Op(S), there is the restriction map Ap(U)→ Ap(U ′). Set
ApS = lim−→A
p(U) ,
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the inductive limit over U ∈ Op(S). There is the differential map d : ApS → Ap+1S induced from
the differential d : Ap(U)→ Ap+1(U). There is also the wedge product map ApS ⊗AqS → Ap+qS .
Suppose that an orientation of Sreg is given (we will say for simplicity that S is oriented).
If we are given an element ϕ of AmS represented by ϕ ∈ Am(U) for U ∈ Op(S), and a Borel
measurable function f on a Borel measurable set E of S, then the restriction f |U∩E is a Borel
measurable function on E∩U . We can thus apply the definition of (1.7) to the Nash submanifold
U , the form ϕ and the restriction f |U∩E, so we have the integral
∫
E∩U
(f |E∩U)dµϕ. By (1.4),
this is well-defined, independent of the choice of a representative for ϕ ∈ AmS . Thus we write∫
E
fdµϕ for
∫
E∩U
(f |E∩U)dµϕ .
If f = 1, it will be abbreviated to
∫
E
ϕ.
Similarly, for Sreg oriented or not, we have the integral
∫
E∩U
(f |E∩U)dµ|ϕ| and for which we
will write
∫
E
fdµ|ϕ|.
In the above discussion we could have replaced “smooth” forms by “measurable” forms on
U ; but we will be mainly interested in the former.
(1.14) The space AmS and the integral is a topological invariant in the following sense. Let
f : S → S ′ be a semi-algebraic homeomorphism of semi-algebraic sets of dimension m. There
exists an isomorphism f ∗ : AmS′ → AmS given as follows. For ϕ ∈ Am(U ′) with U ′ ∈ Op(S ′), we
may assume by (1.12) that U = f−1(U ′) is in Op(S) and U → U ′ is a Nash diffeomorphism;
then one has (f |U)∗ϕ ∈ Am(U), and represents an element f ∗ϕ of AmS .
Assume further that S and S ′ are oriented, and that f preserves the orientation (on suitable
U and U ′). Then from the definitions we have∫
S
f ∗ϕ =
∫
S′
ϕ .
Similarly in the unoriented case,
∫
S
|f ∗ϕ| = ∫
S′
|ϕ|.
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§2. Basic results on integration of semi-algebraic sets
(2.1) Let S ⊂ Rn be a semi-algebraic set of dimension ≤ m. Let h : S → Rℓ be a continuous
semi-algebraic map, Ω ⊂ Rℓ be an open set containing h(S), and ψ be a smooth m-form on Ω.
By (1.12.1) there exists a set U ∈ Op(S) such that the restriction h|U : U → Rℓ is a Nash
map. The map h|U : U → Ω is a smooth map, so we can define the pull-back (h|U)∗ψ as a
smooth form on U , namely as an element of Am(U). We denote its image in AmS by h
∗ψ. (If
dimS < m, we have of course h∗ψ = 0.) When dimS = m, by the previous section we have
the integral
∫
S
|h∗ψ|, and if S is oriented, ∫
S
h∗ψ. When dimS < m, we set
∫
S
|h∗ψ| = 0 for
convenience.
If T = h(S) ⊂ Rl is the image of h, the map h factors as S h−−−→T i−−−→Rℓ, where i is
inclusion. Since T has dimension ≤ m, i is continuous semi-algebraic and Ω contains T , the
pull-back i∗ψ (also denoted ψ|T ) in AmT can be defined.
(2.2) Definition. Let g : S → T be a continuous semi-algebraic map between semi-algebraic
sets. Let T0 = {u ∈ T | g−1(u) is a finite set} and
δ(g) := Maxu∈T0 ♯(g
−1(u))
which is a non-negative integer. If T0 is empty (namely if all the fibers have positive dimension),
we set the number δ(g) to be zero.
(2.3) Lemma. Let S be a semi-algebraic set of dimension m, {Si} be a finite partition of S
into semi-algebraic subsets, and assume given, for each Si with dimension m, a set Ui ∈ Op(Si).
Then there exists a set U ∈ Op(S) such that U ∩ Si ⊂ Ui for each Si with dimension m, and
such that U is the disjoint union of U ∩ Si.
Proof. Let V = SZar and Vi = (Si)Zar be the Zariski closures of S and Si, respectively; let I be
the subset of those indices i with dimSi = m, and
V ′ :=
⋃
i,j∈I
(Vi ∩ Vj) ∪
⋃
i 6∈I
Vi .
For distinct i, j ∈ I, dim(Vi ∩ Vj) < m, hence dimV ′ < m. Note that the sets Vi − V ′ for i ∈ I
are disjoint from each other. Thus the set
U :=
⋃
i∈I
(Ui − V ′)
satisfies the required property.
(2.4) Proposition. Let S ⊂ Rn be a semi-algebraic set of dimension ≤ m, and h : S → Rℓ,
Ω ⊂ Rℓ, ψ ∈ Am(Ω) be as above. For {Si} a finite partition of S into semi-algebraic subsets,
let hi : Si → Rl be the restriction of h to Si. Then we have∫
S
|h∗ψ| =
∑∫
Si
|h∗iψ| .
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Proof. Let Ui ∈ Op(Si) be such that hi is a Nash map from Ui to Rℓ. One takes U ∈ Op(S)
satisfying the conditions of the previous lemma. By definition we have∫
S
|h∗ψ| =
∫
U
|(h|U)∗ψ| and
∫
Si
|h∗iψ| =
∫
Ui
|(hi|Ui)∗ψ| .
Since U is the disjoint union of U ∩ Si, we have∫
U
|(h|U)∗ψ| =
∑
i
∫
U∩Si
|(h|U)∗ψ| .
For each i, ∫
U∩Si
|(h|U)∗ψ| =
∫
Ui
|(h|U)∗ψ|
by (1.4), proving the proposition.
(2.5) Proposition. Under the assumption (2.1), we have∫
S
|h∗ψ| ≤ δ(h)
∫
T
|(ψ|T )| .
Proof. (i) Let {Ti} be a finite partition of T into semi-algebraic subsets and
hi : Si = p
−1(Ti)→ Ti →֒ Rl
be the restriction of h to Si. Then we claim that the inequalities as stated for hi’s imply the
inequality for h.
Indeed, by (2.4) we have∫
T
|ψ|T | =
∑
i
∫
Ti
|ψ|Ti| and
∫
S
|h∗ψ| =
∫
Si
|h∗iψ| ,
and δ(h) = Maxi δ(hi).
(ii) Let f : S → S ′ be a semi-algebraic homeomorphism and h′ : S ′ → Rℓ be the semi-
algebraic map such that h′ ◦ f = h. Then h∗ψ = f ∗h′∗ψ, where f ∗ was defined in (1.14),
hence ∫
S
|h∗ψ| =
∫
S′
|h′∗ψ| .
For the proof of the proposition, take a finite partition {Ti} of T into semi-algebraic subsets
and semi-algebraic homeomorphisms h−1(Ti)
∼→ Ti × Fi over Ti for some algebraic sets Fi
(see [BCR, p. 221, Theorem 9.3.2]). By (i) we have only to prove the inequality for each
hi : Si → Ti ⊂ Rℓ.
Thus assume that there exists a semi-algebraic homeomorphism S → T ×F over T . By (ii)
we may assume that S = T × F and the map S → T is projection p : T × F → T .
If dimT < m, then h∗ψ = p∗(i∗ψ) is zero since i∗ψ = 0 for dimension reasons. Thus the
integral of |h∗ψ| on S is zero, and the inequality holds.
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If dim T = m, then F consists of a finite number of points {Pj}, and the restriction of p to
Uj = T × {Pj} is the identity map on T ; thus we have∫
S
|h∗ψ| =
∑∫
Uj
|h∗ψ| = ♯(F ) ·
∫
T
|(ψ|T )| ,
so the stated inequality (indeed equality) holds.
When S is compact, the integral
∫
S
h∗ψ absolutely converges:
(2.6) Theorem. Under the assumption (2.1), assume that S is compact. Then the integral∫
S
|h∗ψ|
is absolutely convergent. (Thus if S is oriented,
∫
S
h∗ψ ∈ R is defined.) In particular, if ψ
is a smooth m-form on an open neighborhood of S in its ambient space Rn, then
∫
S
|(ψ|S)| is
absolutely convergent.
Proof. Let 1× h : S →֒ Rn ×Rℓ be the semi-algebraic inclusion obtained as the product of the
inclusion S → Rn and the map h. Then h∗ψ = (1 × h)∗p∗2ψ, where p2 : Rn × Rℓ → Rℓ is the
second projection. Replacing S ⊂ Rn with S ⊂ Rn×Rℓ, we will assume that h is the inclusion
to its ambient space, and ψ is defined on an neighborhood of S.
The form ψ is a finite sum of the forms
a dxi1 ∧ · · · ∧ dxim
where a is a smooth function defined on a neighborhood of S. By (2) of (1.5), one may assume
ψ = a dxi1 ∧ · · · ∧ dxim . Since a is bounded on S by compactness, it is enough to consider the
case ψ = dx1 ∧ · · · ∧ dxm.
Let q : S → Rm be composition of the inclusion with projection Rn → Rm to the first m
coordinates, and apply the proposition to q and ψ = dx1 ∧ · · · ∧ dxm. We obtain∫
S
|(ψ|S)| ≤ δ(q)
∫
q(S)
|dx1 ∧ · · · ∧ dxm| ,
and the integral on the right hand side is finite since q(S) is compact so its Lebesgue measure
in Rm is finite.
(2.6.1) Remark. An analogous statement for a smooth manifold S with boundary is false.
More precisely, let S be a compact m-dimensional manifold with boundary, and let S →֒ Rn be
a continuous embedding which is smooth on the interior
◦
S and on the boundary δS of S. For
ψ a smooth m-form on Rn, the integral ∫
◦
S
|(ψ| ◦
S
) |
can be infinite.
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For the proof of the Cauchy formula, and for the proof of the next proposition, it is con-
venient to state a consequence of (2.5) as in the following proposition. Note that, if f is a
continuous semi-algebraic function, then df ∈ A1S.
(2.7) Proposition. Let S be a compact oriented semi-algebraic set of dimension m, and a,
f1, · · · , fm be continuous semi-algebraic functions on S, so a df1 ∧ · · · ∧ dfm ∈ AmS . We take
f = (f1, · · · , fm) : S → Rm, a continuous semi-algebraic map. Then we have∣∣∣∣
∫
S
a df1 ∧ · · · ∧ dfm
∣∣∣∣ ≤ δ(f) · (Maxx∈S |a(x)|) ·
∫
f(S)
dx1 · · · dxm .
Proof. We obviously have∣∣∣∣
∫
S
a df1 ∧ · · · ∧ dfm
∣∣∣∣ ≤ Maxx∈S |a(x)| ·
∫
S
|df1 ∧ · · · ∧ dfm| .
Applying (2.5) to the map f and the form ψ = dx1 ∧ · · · ∧ dxm, we have∫
S
|df1 ∧ · · · ∧ dfm| ≤ δ(f) ·
∫
f(S)
|dx1 ∧ · · · ∧ dxm| ,
verifying the assertion.
(2.8) Proposition. Let S ⊂ Rm be a compact oriented semi-algebraic set of dimension m,
H : S × [0, 1)→ Rℓ be a continuous semi-algebraic map, Ω an open neighborhood of the image
of H, and ψ a smooth m-form on Ω. For t ≥ 0, denote by ht : S → Rℓ the restriction of h to
S × {t}. Then we have ∫
S
h∗tψ →
∫
S
h∗0ψ as t→ 0 .
Proof. By Theorem (2.6), we know that for each t,
∫
S
h∗tψ is absolutely convergent.
One may assume that the image of H is contained in Ω, and ψ = c dxi1 ∧ · · · ∧ dxim with
c ∈ A0(Ω); after renumbering, let ψ = c dx1 ∧ · · · ∧ dxm. The functions fi(x, t) = H∗(xi) for
i = 1, · · · , m and a(x, t) = H∗c are continuous semi-algebraic on S × [0, 1). Our assertion is
now ∫
S
a(x, t) df1(x, t) ∧ · · · ∧ df1(x, t)→
∫
S
a(x, 0) df1(x, 0) ∧ · · · ∧ df1(x, 0)
as t→ 0. Set I(a; f1, · · · , fm) =
∫
S
a df1 ∧ · · · ∧ dfm. We have
I(a(x, t); f1(x, t), · · · , fm(x, t))− I(a(x, 0); f1(x, 0), · · · , fm(x, 0))
= I(a(x, t)− a(x, 0); f1(x, t), · · · , fm(x, t))
+I(a(x, 0); f1(x, t)− f1(x, 0), · · · , fm(x, t))
+I(a(x, 0); f1(x, 0), f2(x, t)− f2(x, 0), f3(x, t) · · · , fm(x, t))
...
+I(a(x, 0); f1(x, 0), · · · , fm−1(x, 0), fm(x, t)− fm(x, 0)) .
We will examine each term in the sum.
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Let
H0 = (f1(x, t), · · · , fm(x, t)) : S × [0, 1)→ Rm × [0, 1)
and h0,t = H0|S×{t} : S → Rm. Note that δ(h0,t) ≤ δ(H0). Also we have a map, for i = 1, · · · , m,
Hi = (f1(x, 0), · · · , fi−1(x, 0), fi(x, t)−fi(x, 0), fi+1(x, t), · · · , fm(x, t)) : S× [0, 1)→ Rm× [0, 1)
and its restriction hi,t = Hi|S×{t} : S → Rm; we have δ(hi,t) ≤ δ(Hi).
For the first term in the sum, we have by the previous proposition
|I(a(x, t)− a(x, 0); f1(x, t), · · · , fm(x, t))|
≤ δ(h0,t) · ‖a(x, t)− a(x, 0)‖S · vol(h0,t(S)) ,
where ‖a‖ denotes the sup norm of a function on S, and vol is the Lebesgue measure in Rm.
One has δ(h0,t) ≤ δ(H0), ‖a(x, t)‖S → 0 as S is compact, and vol(h0,t(S)) is bounded by
vol(H0(S × [0, 1/2]) ) for t ≤ 1/2; thus the first term tends to zero.
For the other terms, we have
|I(a(x, 0); f1(x, 0), · · · , fi−1(x, 0), fi(x, t)− fi(x, 0), fi+1(x, t), · · · , fm(x, t) )|
≤ δ(hi,t) · ‖a(x, 0)‖S · vol(hi,t(S)) .
We have δ(hi,t) ≤ δ(Hi). Since fi(x, t) → fi(x, 0) as t → 0 uniformly on S and fj(x, t) is
uniformly bounded for each j, vol(hi,t(S))→ 0. Hence the terms also tend to zero.
Recall that ∆m is a compact semi-algebraic set of Rm defined by xi ≥ 0 for i = 1, · · · , m
and
∑
xi ≤ 1. We equip ∆m with the same orientation as Rm. We say that a continuous
semi-algebraic map h : ∆m → Rn is facewise smooth if the restriction of h to the interior of any
face is a smooth map.
It can be proven that any compact semi-algebraic set S ⊂ Rn allows a semi-algebraic
triangulation such that the inclusion of each simplex in Rn is facewise smooth.
(2.9) Theorem. Let S = ∆m and h : S → Rℓ be a continuous semi-algebraic, facewise smooth
map; let ψ be a smooth (m− 1)-form defined on an open neighborhood of h(S) in Rℓ. Denote
by i : δS →֒ S the embedding of the boundary of S. Then we have the identity (the Stokes
formula): ∫
δS
(i ◦ h)∗ψ =
∫
S
h∗(dψ) .
Proof. For 0 ≤ t < ρ = 1/(m+ 1), let
St = {(x1, · · · , xm) ∈ S| xi ≥ t and
∑
xi ≤ 1− t}
be the “t-excision” of S. Let
r = (r1(x, t), · · · , rm(x, t)) : S × [0, ρ)→ S
be the map given by ri(x, t) = (1− (m+1)t)xi+ t. Then r is a continuous semi-algebraic map,
the restriction rt = r|S × {t} is a semi-algebraic homeomorphism from S to St, and r0 is the
identity map.
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For t > 0, the embedding St →֒ Rn is a smooth map, so h∗ψ is a smooth form on St, a
manifold with corners. (This is where we use the assumption of facewise smoothness. So we
only need that the map i be smooth on the interior of S.) By the Stokes formula for a smooth
form on a manifold with corners, we have∫
δ(St)
(hi)∗ψ =
∫
St
h∗(dψ) . (∗)
Since rt : δS → δ(St) is a diffeomorphism of manifolds, the left hand side of (*) equals∫
δS
r∗t (hi)
∗ψ .
Consider the composition of the maps H : δS× [0, ρ) r−−−→δS hi−−−→Rℓ; applying (2.8) we obtain∫
δS
r∗t (hi)
∗ψ →
∫
δS
(hi)∗ψ .
As for the right hand side of (*), since St is increasing and ∪St =
◦
S, by Lebesgue’s monotone
convergence theorem we have ∫
St
h∗(dψ)→
∫
◦
S
h∗(dψ)
as t→ 0, and ∫ ◦
S
h∗(dψ) =
∫
S
h∗(dψ) since the complement of
◦
S has dimension < m.
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§3. Integrals on allowable semi-algebraic sets
We begin by introducing some notation. For integers 0 ≤ p ≤ n, let Rn = Rp × Rn−p be
Euclidean space with coordinates (r1, · · · , rp, xp+1, · · · , xn). The first p coordinates and the
last n − p coordinates will play different roles. Let Hi = {ri = 0} for 1 ≤ i ≤ p. A face is
the intersection of some of the H ’s; thus a face is of the form HI = ∩i∈IHi for a subset I of
{1, · · · , p}. We include Rn as a face. A face HI has induced coordinates, given by ri, i 6∈ I,
and all of xp+1, · · · , xn; thus HI = Rk × Rn−p if k = p − |I|. Note that H1 ∩ · · · ∩ Hp is the
smallest face, and its dimension is n− p.
For m ≤ n, by an m-form with logarithmic singularities (or just a logarithmic m-form) on
Rn, we mean a smooth m-form defined on Rn − (∪Hi) which can be written
ω =
∑
I=(i1,··· ,im)
aI(r, x)
dri1
ri1
∧ · · · ∧ drik
rik
∧ dxik+1 ∧ · · · ∧ dxim
where the sum is over the sequences 1 ≤ i1 < · · · < ik ≤ p < ik+1 < · · · im ≤ n and aI(r, x) are
smooth functions in (r, x) ∈ Rn.
Let A be a closed semi-algebraic set of Rn such that dimA = n and dim(A ∩ (∪Hi) ) < n.
For a logarithmic n-form ω on Rn, we have defined in §1 the integral∫
A
|ω| ,
also written vol(A;ω), which is a non-negative real number (possibly +∞). We will study when
it is finite (then we say that
∫
A
ω is absolutely convergent).
The line of argument leading to the main theorem of this section, (3.12), is as follows. We
shall first the notion of allowability and (almost) strict allowability.
(1) We show Theorem (3.7), which states that an allowable semi-algebraic set can be made,
by a succession of “permissible” blow-ups, almost strictly allowable.
(2) Given an almost strictly allowable compact semi-algebraic set A in Rn = Rp×Rn−p, one
shows: after an appropriate linear change of variables in (xp+1, · · · , xn), the projection map
pr1 : R
n → Rn−1, (r1, · · · , rp, xp+1, · · · , xn) 7→ (r1, · · · , rp, xp+1, · · · , xn−1), when restricted to
A, has finite fibers. See (3.8.1).
(3) When this finiteness property for projection pr1 holds for A, one can prove the absolute
convergence of
∫
A
ω. See (3.10) and the proof of (3.12.1).
(4) Let A be an allowable compact semi-algebraic set in Rp × Rn−p. Combining (1)-(3), it
follows that the integral
∫
A
ω is absolutely convergent. This is Theorem (3.12).
Let C ⊂ Rn be a closed semi-algebraic subset. We denote by CZar the Zariski closure of C.
The dimension of C is, by definition, the dimension of its Zariski closure: dimC = dimCZar.
(3.1) Definition. Let C be a closed semi-algebraic subset of Rn. We say C is allowable with
respect to a face F of Rn if (C ∩ F )Zar ( F (equivalently if dim(C ∩ F ) < dimF ).
We define C to be allowable in Rn if it is allowable with respect to any proper face of Rn.
(3.2)Definition. Let C be a closed semi-algebraic subset of Rn. We say C is strictly allowable
with respect to a face F if (C ∩ F )Zar does not contain any face.
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The set C is defined to be almost strictly allowable (resp. strictly allowable) in Rn if C is
strictly allowable with respect to any proper face (resp. any face including F = Rn).
Note that if C is strictly allowable in Rn, then dimC < n. But a set C with dimC = n
may be allowable or almost strictly allowable.
(3.3) Basic properties. (1) It is clear that if C is strictly allowable with respect to a face F ,
then it is allowable with respect to F .
Also, if C is strictly allowable in Rn, then it is almost strictly allowable in Rn; if C is almost
strictly allowable in Rn, then it is allowable in Rn.
(2) If C is strictly allowable with respect to F , and F ′ is a face contained in F , then C is
also strictly allowable with respect to F ′. (This follows from the inclusion (C ∩ F )Zar ∩ F ′ ⊃
(C ∩ F ′)Zar. ) Thus C is almost strictly allowable in Rn if it is strictly allowable with respect
to any codimension one face of Rn, and it is strictly allowable in Rn if it is strictly allowable
with respect to F = Rn.
An analogous statement for allowability is false: if C is allowable with respect to a face, it
may not be allowable with respect to a smaller face.
(3) From the definition, C is allowable (resp. strictly allowable) with respect to F if and
only if C ∩ F is allowable (resp. strictly allowable) with respect to F .
Thus, if C is contained in a proper face F , C is strictly allowable in Rn if and only if C is
strictly allowable in F . Because of this we often do not mention the ambient space of C for
the condition of strict allowability. (The corresponding statement does not hold if we replace
strict allowability with allowability or almost strict allowability.)
(4) If C ′ is a closed semi-algebraic subset of C ⊂ Rn, allowability or (almost) strict allowa-
bility for C obviously implies the same for C ′.
If C is the union of closed semi-algebraic subsets C1 and C2, then allowability or (almost)
strict allowability for C1 and C2 implies the same for C.
(5) Assume C is an algebraic subset of Rn. We say that C meets the faces properly if for
each face F , dim(C ∩F ) ≤ dimC+dimF −n. If C meets the faces properly and if dimC < n,
then C is strictly allowable.
We will also need to consider semi-algebraic sets of blow-ups of Rn, as well as the extended
notion of allowability. Denote by S the Euclidean space Rn as above. By a permissible blow-up
of S we mean the blow-up of a face. Thus it is of the form µ = BlΣ : S˜ = R˜
n → Rn, where
Σ is a face of codimension ≥ 2. On S˜ we have the strict transforms H ′i of Hi for 0 ≤ i ≤ p,
and the exceptional divisor E, which form a normal crossing divisor. Thus on S˜ again one has
the notion of faces (note the minimal faces are of dimension n − p) and permissible blow-ups.
Iterating this we have a succession of permissible blow-ups
µ = µ1µ2 · · ·µN : S˜ = SN µN−−−→SN−1 → · · · → S1 µ1−−−→S0 = S
where µk+1 is the blow-up of a face Σk of Sk−1. The S˜ is a real algebraic variety (in the sense of
[BCR, Definition 3.2.11]). On S˜ one has the notion of faces; the minimal faces are of dimension
n− p. There is a coordinate chart containing each minimal face.
Since S˜ is a real algebraic variety, there is the notion of semi-algebraic sets of S˜ (see [BCR,
p. 64]); note that a set is semi-algebraic if and only if its intersection with each chart is
semi-algebraic. For a closed semi-algebraic set C ⊂ S˜, one can define the notion of (strict)
allowability with respect to a face and (strict or almost strict) allowability in S˜ in the same
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manner as for Rn. The basic properties above hold true without any change. We add another
property to the list:
(6) A set C of S˜ is allowable (resp. strictly allowable, resp. almost strictly allowable) if
and only if for each chart U , C ∩ U is allowable (resp. strictly allowable, resp. almost strictly
allowable) in U .
Indeed, for a face F , C ∩ F is the union ∪(C ∩ U ∩ F ) for the charts U of S˜, thus
dim(C ∩ F ) = sup dim(C ∩ U ∩ F ) .
Hence follows the assertion for allowability.
To show the assertion for strict allowability, note that
(C ∩ U ∩ F )Zar = (C ∩ F )Zar ∩ U ,
where Zar on the left means the Zariski closure in U . It follows that if (C ∩ F )Zar contains a
face Σ, then for a chart U such that U ∩Σ is non-empty, (C∩U ∩F )Zar contains the face U ∩Σ.
Conversely, if (C ∩U ∩F )Zar contains a face of the form U ∩Σ, then (C ∩F )Zar ⊃ U ∩Σ, and
taking the Zariski closure in F gives (C ∩ F )Zar ⊃ Σ.
(3.4) Lemma. Let µ : R˜n → Rn be a succession of permissible blow-ups. Let G be a face of
R˜n and let F = µ(G).
(1) For a closed semi-algebraic set C ⊂ Rn, if (µ−1(C) ∩ G)Zar contains a face Σ, then
(C ∩ F )Zar ⊃ µ(Σ).
(2) If C is strictly allowable with respect to F , then µ−1(C) is strictly allowable with respect
to G.
(3) If C is strictly allowable (resp. almost strictly allowable) in Rn, then µ−1(C) is strictly
allowable (resp. almost strictly allowable) in R˜n.
Proof. One has an obvious inclusion
(µ−1(C) ∩G)Zar ⊂ µ−1((C ∩ F )Zar) ∩G .
If (µ−1(C) ∩ G)Zar contains a face Σ, it follows that µ−1((C ∩ F )Zar) ⊃ Σ, hence (C ∩ F )Zar
contains the face µ(Σ).
The assertions (2) and (3) follow from (1).
Let k be an infinite field and S = Spec k[x1, · · · , xn] be affine n-space over k. Let 0 ≤ p ≤ n
be a given integer. For i = 1, · · · , p let Hi = {xi = 0} be a coordinate hyperplane. As in the
real case we have the notion of faces and permissible blow-ups. The following result is due to
[Bl] (in case p = n).
(3.5) Theorem [Bloch]. Let V ⊂ S be a closed subvariety, not contained in any Hi for i =
1, · · · , p. Then there is a permissible blow-up µ : S˜ → S such that the strict transform of V in
S˜ meets the faces properly.
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Proof. We indicate how to modify the proof of Theorem (2.1.2) in [Bl] (which is the case p = n).
If µ : S˜ → S is a succession of permissible blow-ups, one has distinguished prime divisors
on S˜ that form a normal crossing divisor, and minimal faces are of dimension n− p. Let BS be
the full subcategory of S-schemes whose objects are permissible blow-ups µ : T → S. For each
T in BS we have the set of minimal faces V(T ) , and define V to be the inverse limit of V(T )
as T varies over BS,
V = lim←−
T∈BS
V(T ) .
One has projection prT : V→ V(T ). With this one has:
(3.5.1) Lemma. For any v ∈ V, there is an object µ : T → S in BS such that prT (v) 6⊂ V ′,
where V ′ is the strict transform of V in T .
The proof is parallel to that for Lemma (2.1.2.1) in [Bl] except we modify the argument as
follows.
Let V be a prime divisor given by f(x1, · · · , xn) = 0. We can view f as a polynomial in
x1, · · · , xp with coefficients polynomials in k[xp+1, · · · , kn]. Then consider the set
M = {(r1, · · · , rp) ∈ Zp≥0 | the coefficient of xr of f is non-zero. }.
Let
∆ ⊂ Rp≥0 := the convex hull of
⋃
r∈M(r + R
p
≥0) .
By the same argument as in loc. cit., one shows that there is an object µ : T → S such that
the strict transform of V has equation f ′ having a non-zero constant term c(xp+1, · · · , xn); in
other words V ′ meets the faces properly.
A closed semi-algebraic set of Rn = Rp×Rn−p (or of a permissible blow-up of Rn), which is
of dimension < n and almost strictly allowable, can be made strictly allowable by a succession
of permissible blow-ups:
(3.6) Proposition. Let S ′ → Rn = Rp × Rn−p be a succession of permissible blow-ups, and
B be a closed semi-algebraic subset of S ′ with dimB < n, which is almost strictly allowable in
S ′. Then there is a succession of permissible blow-ups µ : S˜ ′ → S ′ such that µ−1(B) is strictly
allowable.
Proof. Step 1. We first consider the case S ′ = Rp × Rn−p. If B is contained in an Hi, then
B is strictly allowable by assumption, so the assertion trivially holds (with µ = id). Thus we
assume B 6⊂ Hi for each i.
Let V = BZar, which is an algebraic subset 6⊂ Hi, and apply (3.5)(with k = R). There is a
succession of permissible blow-ups
µ = µ1µ2 · · ·µN : R˜n = RN µN−−−→RN−1 → · · · → R1 µ1−−−→R0 = Rn
where µk+1 is the blow-up of a face Σk, such that the strict transform V
′ of V meets the faces
properly; thus V ′ is strictly allowable in R˜n by (3.3), (5).
Let B′ is the closure in the Euclidean topology of µ−1(B ∩U), where U ⊂ Rn is the largest
open set over which µ is an isomorphism. Since B′ ⊂ V ′, B′ is also strictly allowable.
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One has clearly
µ−1(B) = B′ ∪
⋃
E
(µ−1(B) ∩ E) (3.6.a)
where E varies over the exceptional divisors of µ. We claim that each µ−1(B) ∩ E is strictly
allowable. Indeed if G is a face of E, then µ(G) is a proper face of Rn, thus B is strictly
allowable with respect to µ(G); by (2) of (3.4) it follows that µ−1(B) ∩ E is strictly allowable
with respect to G.
Since each subset in the union (3.6.a) is strictly allowable, µ−1(B) is also strictly allowable
in R˜n.
Step 2. We consider the general case. To each minimal face c of S ′ there corresponds a
chart Uc = R
p×Rn−p. By Step 1, there is a succession of permissible blow-ups µc : U˜c → Uc such
that µ−1c (B ∩ Uc) is strictly allowable in U˜c. Let µc : S˜ ′c → S ′ be the succession of permissible
blow-ups obtained by blowing up the closures of the centers of the blow-ups in U˜c → Uc; thus
one has µ−1c (Uc) = U˜c.
We take a succession of blow-ups µ : S˜ ′ → S ′ that dominates all µc (see [Bl, Corollary
(1.2.2)]). Then µ factors as S˜ ′
µ′−−−→S˜ ′c → S ′, so we have a commutative diagram
S˜ ′
µ′−−−→ S˜ ′c µc−−−→ S ′
∪ ∪ ∪
µ−1(Uc)
µ′−−−→ U˜c µc−−−→ Uc .
Since µ−1c (B∩Uc) is strictly allowable in U˜c, by (3) of (3.4), µ−1(B)∩µ−1(Uc) is strictly allowable
in µ−1(Uc). Thus by (6) of (3.3), µ
−1(B) is strictly allowable in any chart of µ−1(Uc). This
being the case for all c, µ−1(B) is strictly allowable in any chart of S˜ ′; by the “if” part of (6)
of (3.3), µ−1(B) is strictly allowable in S˜ ′.
(3.7) Theorem. Let A be a closed semi-algebraic subset of Rp×Rn−p which is allowable. Then
there is a succession of permissible blow-ups µ : R˜n → Rn such that µ−1(A) is almost strictly
allowable.
Proof. We give a slightly generalized statement. Let S ′ → S = Rn be an object of BS (the
notation as introduced in the proof of (3.5) ) and A ⊂ S ′ be a closed allowable semi-algebraic
subset. For an integer d with 0 ≤ d ≤ n− 1, consider the following claim.
(Claim)d: For any such S
′ and A, there is a succession of permissible blow-ups µ : S˜ ′ → S ′
such that the inverse image µ−1(A) is strictly allowable with respect to each face G of S˜ ′ with
dimension ≤ d.
For S ′ = S = Rn and d = n − 1, this is the statement of the theorem. If d ≤ n − p, the
dimension of the minimal faces, then (Claim)d obviously holds with µ = id, since allowability
and strict allowability are equivalent with respect to a minimal face. We will show (Claim)d by
ascending induction on d.
Assume (Claim)d−1 holds, so there is a succession of permissible blow-ups µ : S˜ ′ → S ′
satisfying (Claim)d−1. Rewriting S
′ for S˜ ′, and A for µ−1(A), one may assume that
(3.7.a) A is strictly allowable with respect to each face of dimension ≤ d− 1.
Assume that A is not strictly allowable with respect to a face F of dimension d. The set
A ∩ F in F satisfies the assumption for Proposition (3.6). Indeed dim(A ∩ F ) < dimF by
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allowability and A ∩ F is strictly allowable with respect to each face F ′ ( F by (3.7.a). It
follows that there is a succession of blow-ups
νF : F˜ → F
with centers Σk in F (or in its strict transform) such that ν
−1
F (A∩F ) is strictly allowable. Let
ν : S˜ ′ → S ′
be the succession of blow-ups of S ′ with the same centers Σk as for νF . The restriction of ν to
F˜ coincides with νF , so ν
−1(A) ∩ F˜ is strictly allowable; thus ν−1(A) is strictly allowable with
respect to F˜ .
If G is a face of S˜ ′ of dimension d such that dim ν(G) = d and A is strict allowable with
respect to ν(G), then by (2) of (3.4), ν−1(A) is strictly allowable with respect to G. Also,
ν−1(A) is strictly allowable with respect to each face G such that dim ν(G) < d, by assumption
(3.7.a) and (3.4).
Let n(S ′;A) denote the number of faces F of dimension d such that A is not strictly allowable
with respect to F . Then the above argument shows
n(S˜ ′; ν−1(A)) < n(S ′;A) .
Iterating this process, we find a succession of blow-ups µ : Sˆ ′ → S ′ with n(Sˆ ′;µ−1(A)) = 0,
thus µ−1(A) is strictly allowable with respect to all faces of dimension ≤ d.
Let A be a closed semi-algebraic subset of Rp×Rn−p with p < n. For a point (cp+1, · · · , cn−1)
of Rn−p−1, consider the linear change of variables
(LC) xi 7→ x′i + cix′n (i = p + 1, · · · , n− 1), xn 7→ x′n .
Then A is viewed a subset of Rp × Rn−p with variables (r1, · · · , rp, x′p+1, · · · , x′n).
Rewriting (xp+1, · · · , xn) for (x′p+1, · · · , x′n), let pr1 : Rn → Rn−1 be the projection to the
first n−1 coordinates (r1, · · · , rp, xp+1, · · · , xn−1), let pr2 : Rn−1 → Rp be the projection to the
first p coordinates (r1, · · · , rp), and let pr = pr2pr1 : Rn → Rp be the composition.
For A strictly allowable, we have the following finiteness result for the map pr1 restricted to
A. (For p = 0 and A an algebraic set, this is a well-known proposition in algebraic geometry.)
(3.8) Proposition. Let A be a strictly allowable compact semi-algebraic subset of Rp×Rn−p,
p < n. Then there exists an open neighborhood V of the origin in Rp and a non-empty Zariski
open set W of Rn−p−1 satisfying the following property:
For any point (cp+1, · · · , cn−1) of W, perform the change of variables indicated above. Let
pr−12 (V ) ⊂ Rn−1 and AV = A ∩ pr−1(V ) ⊂ Rn, so that one has a commutative diagram
AV →֒ Rnypr1 ypr1
pr−12 (V ) →֒ Rn−1ypr2 ypr2
V →֒ Rp .
Then the fibers of the induced map pr1 : AV → pr−11 (V ) are finite sets.
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Proof. Note first that the assertion is obvious if A∩H1∩ · · ·∩Hp is empty. For then the image
of A by the projection pr to Rp does not contain the origin; taking a neighborhood V of the
origin disjoint from the image of A, the assertion obviously holds.
Thus we will assume A∩H1∩· · ·∩Hp is non-empty. By the strict allowability, AZar does not
contain the face H1∩· · ·∩Hp. Since AZar is the intersection of the zero locus of the polynomials
f(r1, · · · , rp, xp+1, · · · , xn) that vanish on A, there exists a polynomial f such that A ⊂ Z(f)
and f(0, · · · , 0, xp+1, · · · , xn) is not zero as a polynomial in (xp+1, · · · , xn).
Write
f(r1, · · · , rp, xp+1, · · · , xn) =
∑
m
am(r1, · · · , rp)xm
where m = (mp+1, · · · , mn) varies over multi-indices, am(r1, · · · , rp) are polynomials, and xm =
x
mp+1
p+1 · · ·xmnn . Let fj(r, x) =
∑
|m|=j am(r1, · · · , rp)xm, the homogeneous of degree j part with
respect to x. One has f(r, x) =
∑
j fj(r, x). Note that a linear change of coordinates (LC) is
compatible with the decomposition f =
∑
fj and also with the substitution r1 = · · · = rp = 0.
Since f(0, · · · , 0, xp+1, · · · , xn) is not zero as a polynomial and vanishes on a non-empty set,
its homogeneous degree d with respect to x is positive. (Note d may well be strictly smaller than
the homogeneous degree of f(r, x) with respect to (xp+1, · · · , xn).) There is thus a non-empty
Zariski open set W of Rn−p−1 such that for any (cp+1, · · · , cn−1) ∈W, the corresponding change
of variables (LC) renders the coefficient of x′n
d in
fd(0, · · · , 0, x′p+1 + cp+1x′n, · · · , x′p+1 + cp+1x′n, · · · , x′n)
non-zero. We will rewrite xi for x
′
i, and f(r1, · · · , rp, xp+1, · · · , xn) for
f(r1, · · · , rp, x′p+1 + cp+1x′n, · · · , x′p+1 + cp+1x′n, · · · , x′n) .
For a point T0 = (r
0
1, · · · , r0p, x0p+1, · · · , x0n−1) of Rn−1, let
f(T0, xn) = f(r
0
1, · · · , r0p, x0p+1, · · · , x0n−1, xn)
be the polynomial in xn obtained by substituting the values of the coordinates of T for the
first (n − 1) variables. If T0 = (0, · · · , 0, x0p+1, · · · , x0n−1) is any point of Rn−1 with the first r
coordinates zero,
f(T, xn) = f(0, · · · , 0, x0p+1, · · · , x0n−1, xn) = fd(0, · · · , 0, x0p+1, · · · , x0n−1, xn)
is a non-zero polynomial of degree d. There is thus an open neighborhood U(T0) of T0 in R
n−1
such that for each point T ∈ U(T0), f(T, xn) is a non-zero polynomial in xn of degree ≥ d.
Now for each point T0 ∈ pr1(A)∩pr−12 ({0}), take its neighborhood U(T0) as above. Since the
set pr1(A) ∩ pr−12 ({0}) is compact, one can cover it by a finite number of such neighborhoods;
let U be the union of them. Then U is an open set of Rn−1 containing pr1(A)∩pr−12 ({0}), such
that for each T ∈ U , f(T, xn) is a non-zero polynomial in xn.
The set pr1(A)−U is compact and its image pr2(pr1(A)−U) is a closed set not containing
the point 0. So
V := Rp − pr2(pr1(A)− U)
is an open neighborhood of 0, and
pr−12 (V ) ∩ pr1(A) ⊂ U ∩ pr1(A) .
Thus for T ∈ pr−12 (V ) ∩ pr1(A), f(T, xn) is a non-zero polynomial in xn, so the intersection
Z(f) ∩ pr−11 (T ) is finite.
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(3.8.1) Corollary. Let A be an almost strictly allowable compact semi-algebraic subset of
Rp × Rn−p. Then there exist an open neighborhood V of the origin in Rp and a non-empty
Zariski open set W of Rn−p−1 satisfying the following property:
For any point (cp+1, · · · , cn−1) of W, perform the corresponding change of variables. Let
pr−12 (V ) ⊂ Rn−1 and, for each i = 1, · · ·p, (A ∩Hi)V = (A ∩Hi) ∩ pr−1(V ) ⊂ Rn, so that one
has a commutative diagram
(A ∩Hi)V →֒ Rnypr1 ypr1
pr−12 (V ) →֒ Rn−1ypr2 ypr2
V →֒ Rp .
Then the fibers of the induced map pr1 : (A ∩Hi)V → pr−12 (V ) are finite sets.
Proof. For each i, A ∩ Hi is strictly allowable in Hi. We apply the proposition to A ∩ Hi, so
there exist sets Vi and Wi with which the conclusion holds for A ∩ Hi. We have only to take
V = ∩Vi and W = ∩Wi.
We recall here the notion of slicing from [BCR, section 2.3]. Let X = (X1, · · · , Xn), and
let Y be another variable. Given a set of polynomials f1(X, Y ), · · · , fs(X, Y ) in (X, Y ), [BCR,
Theorem 2.3.1] asserts that there exists a partition of Rn into a finite number of semi-algebraic
sets A1, · · · , Am and, for each i = 1, · · · , m, there is a finite number of continuous semi-algebraic
functions on Ai, ξi,1 < · · · < ξi,ℓi such that:
(i) For each x ∈ Ai, the set
{ξi,1(x), · · · , ξi,ℓℓi(x)}
coincides with the set of roots of those polynomials f1(x, Y ), · · · , fs(x, Y ) that are not zero
polynomials.
(ii) For each x ∈ Ai, the signs of fk(x, y), k = 1, · · · , s, depend only on the signs of y−ξi,j(s),
j = 1, · · · , ℓi.
More precisely, this means the following. For each i and j = 1, · · · , ℓi, let
G(ξi,j) = {(x, y) ∈ Rn+1 | x ∈ Ai and y = ξi,j(x)}
be the graph of ξi,j and, for j = 0, · · · , ℓi,
(ξi,j, ξi,j+1) = {(x, y) ∈ Rn+1 | x ∈ Ai and ξi,j(x) < y < ξi,j+1(x)}
(by convention, ξi,0 = −∞ and ξi,ℓi+1 = +∞). Then the sign of fk(x, y) is constant on each
G(ξi,j) and (ξi,j, ξi,j+1). (Here, the sign of a real number a is defined by sign(a) = +, 0,−
according as a > 0, = 0 or < 0, respectively. )
The partition together with a set of functions, (Ai; ξij), is called a slicing of the set of
functions f1, · · · , fs with respect to the variable Y .
Now assume given a closed semi-algebraic set A of Rn = Rp × Rn−p with p < n. For
simplicity, write r = (r1, · · · , rp) and x′ = (xp+1, · · · , xn−1). Let (Ai; ξi,j) be a slicing, with
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respect to xn, of a set of functions defining A. Then A is the union of some of the graphs of
the functions ξi,j and some of the sets of the form
[ξi,j, ξi,j+1] := {(r, x′, xn) ∈ Rn | (r, x′) ∈ Ai, ξi,j(r, x′) ≤ xn ≤ ξi,j+1(r, x′)} .
(If j = 0 interpret the condition as −∞ < xn ≤ ξi,1(r, x′), and similarly for j = ℓi.)
Let A be a closed semi-algebraic subset of Rp × Rn−p with p < n. We say that A satisfies
Condition (F) if the following holds:
(F) For a small ρ0 > 0, let V0 = {(r1, · · · , rp)| |ri| < ρ0} be an open neighborhood of the
origin in Rp. Then for each i = 1, · · · , p, the restriction of the projection pr1,
pr1 : (A ∩Hi)V0 → pr−12 (V0)
(see the paragraph preceding (3.8) for notation) has finite fibers.
(3.9) Proposition. Let A be a (not necessarily closed) semi-algebraic subset of Rp × Rn−p
with p < n, satisfying the two conditions:
(i) The closure A¯ of A is compact satisfies Condition (F).
(ii) There are a semi-algebraic set B of Rn−1 = Rp×Rn−p−1 and continuous semi-algebraic
functions ξ, ξ′ defined on B, such that ξ < ξ′ at each point of B and
A = [ξ, ξ′] = {(r, x′, xn) ∈ Rn| (r, x′) ∈ B, ξ(r, x′) ≤ xn ≤ ξ′(r, x′)} .
We then have:
(1) For any point P ∈ B¯ ∩ (H1 ∪ · · · ∪Hp) ∩ pr−12 (V0), one has
lim
Q→P
(ξ′ − ξ)(Q) = 0
where the left hand side means the limit as Q ∈ B tends to P .
(2) For ρ with 0 < ρ < ρ0, let V = {|ri| < ρ} be a smaller neighborhood of the origin. For
each i = 1, · · · , p, and for any ǫ > 0, there is δ with 0 < δ < ρ0 such that
Q ∈ B ∩ pr−12 (V¯ ) and 0 < |ri(Q)| < δ =⇒ (ξ′ − ξ)(Q) < ǫ .
Proof. (1) Step 1. We show that, for any continuous semi-algebraic function f : [0, 1]→ Rn−1
such that f(0) = P and f( (0, 1]) ⊂ B, we have
ξ ◦ f(t)− ξ′ ◦ f(t)→ 0 (t→ 0) .
For the proof, first note that the compactness of A¯ implies that the functions ξ and ξ′ are
bounded. So the compositions ξ1 := ξ ◦ f and ξ′1 := ξ′ ◦ f are bounded semi-algebraic functions
on (0, 1]. By restricting to an interval (0, δ] for δ > 0 small, and then rescaling t, one may
assume that ξ1 and ξ
′
1 are continuous on (0, 1]. By [BCR, Proposition 2.5.3], these functions
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extend to continuous semi-algebraic functions on [0, 1], which we still denote by the same ξ1
and ξ′1. The set
[ξ1, ξ
′
1] := {(f(t), xn)| 0 ≤ t ≤ 1, ξ1(t) ≤ xn ≤ ξ′1(t)}
is the closure of the set
{(f(t), xn)| 0 < t ≤ 1, ξ1(t) ≤ xn ≤ ξ′1(t)} ,
and the latter is a subset of A; thus [ξ1, ξ
′
1] is contained in A¯. Since the fiber of P of the
projection from [ξ1, ξ
′
1] to R
n−1 is the interval [ξ1(0), ξ
′
1(0)], and since A¯ satisfies (F), one must
have ξ1(0) = ξ
′
1(0).
Step 2. We show the assertion of (1). If it were false, there exists ǫ > 0 such that the
semi-algebraic set
Bǫ = {Q ∈ B|(ξ′ − ξ)(Q) ≥ ǫ}
contains in its closure the point P . By the curve selection lemma ([BCR, Theorem 2.5.5]) there
is a continuous semi-algebraic map f : [0, 1] → Rn−1 such that f(0) = P and f( (0, 1]) ⊂ Bǫ.
One then has ξ′ ◦ f(t) − ξ ◦ f(t) ≥ ǫ for any t > 0. This contradicts the assertion proven in
Step 1.
(2) Assume that the assertion was false. There is ǫ > 0 and a sequence of points Qn ∈
B ∩ pr−12 (V¯ ) with ri(Qn)→ 0 and (ξ′− ξ)(Q) ≥ ǫ. By compactness of B¯, there is a convergent
subsequence Qn′ , which converges to a point P ∈ B¯. Then one necessarily has P ∈ B¯ ∩
pr−12 (V0) ∩ {ri = 0}. But by (1), there is δ > 0 such that for any Q ∈ B with |Q− P | < δ, one
has (ξ′ − ξ)(Q) < ǫ. This is a contradiction.
Let A be a semi-algebraic subset of Rp × Rn−p with p < n such that A¯ is compact. Define
a function on (r1, · · · , rp) ∈ Rp by
v(r1, · · · , rp) = v(A|xn; (r1, · · · , rp) ) = sup
T 7→(r1,··· ,rp)
vol(A ∩ pr−11 (T ); dxn)
where T ∈ Rn−1 varies over the points mapping to (r1, · · · , rp) by the projection pr2 : Rn−1 →
Rp, and pr1 : R
n → Rn−1 is the first projection. Since A¯ is compact, v(A|xn; (r1, · · · , rp) ) takes
finite values, so v is a bounded semi-algebraic function in (r1, · · · , rp). We will give an estimate
for this function, assuming Condition (F) on A¯.
(3.10) Proposition. Let A be a semi-algebraic subset of Rp × Rn−p with p < n, such that A¯
is compact and satisfies Condition (F). Then there exist 0 < ρ < Min(ρ0, 1) and C, α > 0 such
that for any (r1, · · · , rp) with 0 < |ri| < ρ, one has
v(A|xn; (r1, · · · , rp) ) ≤ C|r1|α|r2|α · · · |rp|α .
Proof. Taking a slicing (Ai; ξi,j) of A, we can assume that A is either the graph G(ξi,j) of a
function ξi,j or a set of the form [ξi,j, ξi,j+1] for 1 ≤ j ≤ ℓi−1. In the former case, v(r1, · · · , rp) =
0, so the assertion is obvious. We will thus assume A is of the latter form.
Consider the function on |r1| < ρ defined by
v1(r1) = sup
(r2,··· ,rp)∈Rp−1
v(r1, r2, · · · , rp) ,
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where (r2, · · · , rp) varies over points with |ri| < ρ. This function is semi-algebraic and bounded.
If ρ is taken small enough with 0 < ρ < Min(ρ0, 1), the function v1(r1) is continuous and semi-
algebraic on 0 < |r1| < ρ. Similarly the function vi(ri), i = 1, · · · , p, is defined taking the
supremum of the values of v with ri fixed, and it is continuous semi-algebraic on 0 < |ri| < ρ.
We claim that limr1→0 v1(r1) = 0. Indeed by (2) of (3.9), for any ǫ > 0, there exists
δ > 0 such that for any Q ∈ Rn−1 with |ri(Q)| < ρ and 0 < |r1(Q)| < δ, one has vol(A ∩
pr−11 (Q); dxn) < ǫ. Thus if 0 < |r1| < δ, then v1(r1) ≤ ǫ.
Setting v1(0) = 0, the function v1(r1) is continuous and semi-algebraic on |r1| < ρ. Applying
 Lojasiewicz’s inequality ([BCR, Corollary 2.6.7]), there exist positive numbers C, α such that
v1(r1) ≤ C|r1|α
for |r1| < ρ. By the same reasoning, one obtains inequalities (with the same C, α, by taking
C larger and α smaller if necessary) vi(ri) ≤ C|ri|α for 0 < |ri| < ρ, for each i = 1, · · · , p.
Combined with the evident inequalities v(r1, · · · , rp) ≤ vi(ri), one obtains
v(r1, · · · , rp) ≤ (v1(r1) · · · vp(rp) )1/p ≤ C|r1|α/p · · · |rp|α/p .
Before stating the next proposition, we introduce some notation. Let µ : R˜n → Rn be a
succession of permissible blow-ups. A face of Rn = Rr×Rn−p is of the form (face of×Rp)×Rn−p;
similarly on a permissible blow-up of Rn. Thus one has a succession of permissible blow-ups
µ¯ : R˜p → Rp such that R˜n = R˜p × Rn−p and µ is the product of µ¯ and the identity map on
Rn−p. Note that in Rp or its blow-up, minimal faces are points, which we may call vertices.
Letting µ′ = µ¯ × 1 : R˜n−1 := R˜p × Rn−p−1 → Rp × Rn−p−1 = Rn−1, we obtain the following
commutative diagram
Rn
µ←−−− R˜nypr1 ypr1
Rn−1
µ′←−−− R˜n−1ypr2 ypr2
Rp
µ¯←−−− R˜p
where pr1, pr2 on the left are the projection maps as introduced before, and the maps pr1, pr2
on the right are similarly defined projection maps. Also let pr = pr2pr1 : R˜
n → R˜p.
(3.11) Proposition. Let A be an allowable compact semi-algebraic subset of Rp × Rn−p with
p < n. Then there exist a succession of permissible blow-ups µ : R˜n → Rn and a point
(cp+1, · · · , cn−1) ∈ Rn−p−1 such that, after the corresponding change of variables, one has the
following property:
There is an open set V of R˜p containing all the vertices such that, for each i = 1, · · · , p, the
induced map
pr1 : (µ
−1(A) ∩Hi)V → pr−12 (V )
has finite fibers.
Proof. By Theorem (3.7) one can take a succession of permissible blow-ups µ : R˜n → Rn such
that µ−1(A) is almost strictly allowable. Then apply Corollary (3.9.1) to each chart of R˜n
(which corresponds to a vertex of R˜p). The intersection of the open sets W for the vertices is
non-empty, so there exists (cp+1, · · · , cn−1) as asserted.
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(3.12) Theorem. Let A be a compact semi-algebraic subset of Rp × Rn−p (with 0 ≤ p ≤ n)
which is allowable, and let ω be a logarithmic n-form. Then the integral∫
A
ω
absolutely converges.
By compactness of A, it is enough to show the following local version of the theorem:
(3.12.1) Theorem (Under the same assumption as for (3.12) .) For any point P of A, there
exists a neighborhood W of P in Rn such that the integral∫
A∩W
ω
is absolutely convergent.
Proof. We prove this by induction on the cardinality p of the set {i | ri(P ) = 0}. If it is zero,
the form is smooth in an neighborhood of P , so the assertion is obvious. If p is positive, by
translation in the x-coordinates we may assume that P is the origin in Rp × Rn−p. Note that
p < n by allowability.
Take a succession of permissible blow-ups µ as in Proposition (3.11). With this, we claim:
(3.12.2) Claim. The integral
∫
µ−1(A)
µ∗ω is absolutely convergent in a neighborhood of each
point Q of µ−1(A).
Indeed, if Q does not lie over a vertex, the number of codimension one faces of R˜n containing
Q is less than p, so by induction hypothesis for (3.12.1) we have absolute convergence. Assuming
thatQ lies over a vertex of R˜p, let (r′1, · · · , r′p) be the coordinates for the chart Rp at pr(Q). After
a change of coordinates, (3.10) is satisfied on V = {|r′i| < ρ}. Let W = pr−1(V ), and rewrite
(r1, · · · , rp) for (r′1, · · · , r′p). We may assume that ω = dr1/r1 ∧ · · · ∧ drp/rp ∧ dxp+1 ∧ · · · ∧ dxn
on W . By compactness A is contained in the set {a ≤ xi ≤ b| i = p + 1, · · · , n− 1}, for some
a < b; we set M = (b− a)n−p−1. Applying Fubini’s theorem to µ−1(A) ∩W ⊂ Rn = Rn−1 × R,
then to V × [a, b]n−p−1 ⊂ Rn−1, and taking (3.10) into account, one has
vol(µ−1(A) ∩W ; dr1
r1
∧ · · · ∧ drp
rp
∧ dxp+1 ∧ · · · ∧ dxn)
=
∫
µ−1(A)∩W
dr1
|r1| · · ·
drp
|rp| dxp+1 · · · dxn−1dxn
=
∫
V×[a,b]n−p−1
vol(µ−1(A) ∩ pr−11 (T ); dxn)
dr1
|r1| · · ·
drp
|rp| dxp+1 · · · dxn−1
≤ M
∫
V
v(A|xn; (r1, · · · , rp) ) dr1|r1| · · ·
drp
|rp|
≤ M
∫
0<|ri|<ρ
C|r1|α|r2|α · · · |rp|α dr1|r1| · · ·
drp
|rp| < +∞ ,
since
∫
0<r<ρ
rα dr
r
< +∞.
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We have only to show that (3.12.2) implies (3.12.1) for A at P = 0. For each Q of µ−1(A),
take a neighborhood WQ such that vol(µ
−1(A) ∩ WQ, µ∗ω) is absolutely convergent. Since
µ−1(A) is compact, there is a finite number of them, WQk , that covers µ
−1(A). Then
vol(A, ω) = vol(µ−1(A), µ∗ω) ≤
∑
vol(µ−1(A) ∩WQk , µ∗ω) < +∞.
In the rest of this section, we take a monomial u = rm11 · · · rmpp 6= 1, and for A an allowable
semi-algebraic subset of Rp × Rn−p, consider the set A ∩ {u = t}, where t ∈ R − {0} with
|t| small. Since u is not a constant function, this is of dimension ≤ n − 1. For a logarithmic
(n− 1)-form ω, we will study the asymptotic behavior of the integral of ω over A ∩ {u = t}.
(3.13) Proposition. Let A be a semi-algebraic set of Rn such that its closure A¯ is compact
and satisfies Condition (F), and assume ρ > 0 is chosen so that the statement of (3.10) holds.
Then for any logarithmic (n − 1)-form ω, and any monomial u = rm11 · · · rmpp 6= 1, there exist
C ′, α′ > 0 such that
vol
(
(A ∩Wρ ∩ {u = t}); ω
) ≤ C ′ |t|α′ .
(We set Wρ := {0 < |ri| < ρ (i = 1, · · · , p)} ⊂ Rp × Rn−p.)
Proof. For the proof we consider a variant of the function v(A|xn; (r1, · · · , rp) ) introduced
before (3.10). Let pr1 : R
n → Rn−1 be the projection as before, and pr3 : Rn−1 → Rp−1 be the
projection to the coordinates (r2, · · · , rp). For an algebraic set B ⊂ Rn, we set
v(B |xn; (r2, · · · , rp) ) = sup
T 7→(r2,··· ,rp)
vol(B ∩ pr−11 (T ) ; dxn)
where T ∈ Rn−1 varies over the points mapping to (r2, · · · , rp) by the projection pr3. If
B = A ∩Wρ ∩ {u = t} we have:
(3.13.1) Lemma. Under the same assumption as for (3.13), there exist C, α′ > 0 such that
v
(
(A ∩Wρ ∩ {u = t}) |xn; (r2, · · · , rp)
) ≤ C|t|α′|r2|α′ · · · |rp|α′
for (r2, · · · , rp) with 0 < |ri| < ρ, 2 ≤ i ≤ p, and t ∈ R− {0} with |t| small.
Proof. Note that the set
A ∩Wρ ∩ {u = t} ∩ pr−11 (T )
equals A ∩ pr−11 (T ) if pr2(T ) = (r1, · · · , rp) satisfies u = t and 0 < |ri| < ρ; otherwise it is
empty (recall that pr2 : R
n−1 → Rp is projection by (r1, · · · , rp)). Therefore
v(A ∩Wρ ∩ {u = t}|xn; (r2, · · · , rp) )
= sup
r1
v(A|xn; (r1, · · · , rp) ) (supremum taken over r1 such that u = t and 0 < |r1| < ρ)
≤ sup
r1
C|r1|α|r2|α · · · |rp|α . (by (3.10))
It is thus enough to show that there exists α′ > 0 such that
|r1|α|r2|α · · · |rp|α ≤ |u|α′|r2|α′ · · · |rp|α′ .
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Since the right hand side equals |r1|m1α′ |r2|(m2+1)α′ · · · |rp|(mp+1)α′ and |ri| < 1, it suffices to take
α′ > 0 small enough so that
m1α
′ ≤ α, (m2 + 1)α′ ≤ α, · · · , (mp + 1)α′ ≤ α .
We return to the proof of (3.13). On {u = t}, there is a relation∑1≤i≤pmidri/ri = 0, hence
dr1/r1 ∧ · · · ∧ drp/rp = 0. So the restriction of the form ω can be written
ω|{u=t} =
n∑
i=1
ai
dr1
r1
∧ · · · ∧ dri−1
ri−1
∧ dri+1
ri+1
∧ · · · ∧ drp
rp
∧ dxp+1 ∧ · · · ∧ dxn
with some polynomial functions ai on {u = t}. Thus it is enough to prove the assertion
for the case ω = dr2
r2
∧ · · · ∧ drp
rp
∧ dxp+1 ∧ · · · ∧ dxn. Assume that A is contained in the set
{a ≤ xi ≤ b| i = p+ 1, · · · , n− 1} and set M = (b− a)n−p−1. Then one has
vol(A ∩Wρ ∩ {u = t}; dr2
r2
∧ · · · ∧ drp
rp
∧ dxp+1 ∧ · · · ∧ dxn)
≤ M
∫
{0<|ri|≤ρ}
C|t|α′ |r2|α′ · · · |rp|α′ dr2|r2| ∧ · · · ∧
drp
|rp|
= C ′|t|α′ .
(3.14) Theorem. Let A be a compact semi-algebraic subset of Rp × Rn−p (with 0 ≤ p ≤ n)
which is allowable. Let u = rm11 · · · rmpp 6= 1 be a monomial, and ω be a logarithmic (n−1)-form.
Then there exist C, α > 0 such that one has, for t ∈ R with |t| 6= 0 small,
vol(A ∩ {u = t};ω) ≤ C |t|α .
As for (3.12), we can reduce it to a local statement:
(3.14.1) Theorem. (Under the same assumption.) For any point P of A, there exists an open
neighborhood W of P in Rn such that for some C, α > 0, one has an inequality
vol(A ∩W ∩ {u = t};ω) ≤ C|t|α .
Proof. The proof proceeds by induction on p = ♯{i| ri(P ) = 0}. If p = 0, the set A ∩ {u = t}
does not contain P , so the assertion obviously holds. One may thus assume that P is the origin
in Rp × Rn−p with p ≥ 1; we have p < n by allowability.
Take a succession of permissible blow-ups µ as in (3.11).
(3.14.2) Claim. For any point Q of µ−1(A), there exist an open neighborhood WQ of Q
and C, α > such that
vol(A ∩WQ ∩ {u = t};µ∗ω) ≤ C|t|α .
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Indeed, if Q does not lie over a vertex, the assertion holds by induction hypothesis for
(3.14.1). If Q lies over a vertex of R˜p, let (r′1, · · · , r′p) be the coordinates for the chart at pr(Q).
After a change of coordinates, (3.13) is satisfied on V = {|r′i| < ρ}. Then the assertion follows
from (3.13).
Finally, we derive (3.14.1) from (3.14.2) as in the proof of (3.12).
For reference in Part II, we record a special case.
(3.14.3) Corollary. In particular, taking u = r1, we have
vol(A ∩ {r1 = t}; dr2
r2
∧ · · · ∧ drp
rp
∧ dxp+1 ∧ · · · ∧ dxn) ≤ C |t|α .
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§4. Integrals on admissible semi-algebraic sets
Let Cn be affine n-space over C, with coordinates (z1, · · · , zn). Let Hi = {zi = 0}, i =
1, · · · , n, be the coordinate hyperplanes. An intersection of coordinate hyperplanes will be
called a face; it is of the form HI = ∩i∈IHi for a subset I of {1, · · · , n}. The union of the
divisors {zi = 1} for i = 1, · · · , n will be denoted by D.
Let (P1)n be the n-fold product of projective line P1, with (z1, · · · , zn) affine coordinates.
For i = 1, · · · , n and α ∈ {0,∞}, let Hαi = {zi = α} be a prime divisor; by definition a face of
(P1)n is the intersection of some of these divisors. Let D be the union of the divisors {zi = 1},
and n = (P1)n −D be the complement of D.
There are canonical isomorphisms P1−{0} ∼= C, (1 : z)↔ z, and P1−{∞} ∼= C, (z : 1)↔ z.
Thus given a sequence (α1, · · · , αn) with αi ∈ {0,∞}, there is an isomorphism
∏
(P1−{αi}) ∼=
Cn; we refer to these as the charts of (P1)n. On each chart, the normal crossing divisor
∑
Hαi
restricts to the divisor
∑
Hi, and the divisor D restricts to D.
(4.1) Definition. Let m be an integer with n ≤ m ≤ 2n. A closed semi-algebraic set A of Cn
is said to be m-admissible (with respect to {Hi}) if for any set HI one has
dim(A ∩HI ∩ (Cn −D) ) ≤ m− 2|I| .
(In particular, dimA ≤ m).
Similarly, a closed semi-algebraic set A of (P1)n is said to be m-admissible (with respect to
{Hαi }) if for any face F one has
dim(A ∩ F ∩n) ≤ m− 2 codimC(F )
If A is an m-admissible closed semi-algebraic set of Cn (resp. (P1)n), then any closed semi-
algebraic subset of A is also m-admissible. If A is an m-admissible closed semi-algebraic set of
Cn, then A ∩ Hi is (m − 2)-admissible in Hi = Cn−1. If A is m-admissible in (P1)n, then for
each chart U ∼= Cn, A ∩ U is m-admissible in Cn.
(4.2) Change of variables via the polar coordinates. We will take an m-admissible
compact semi-algebraic set A of Cn (or (P1)n) and a logarithmic (n,m− n)-form ω on Cn, and
study the integral
∫
A
ω. First assume A is a subset of Cn.
We will introduce a change of variables as follows. In case n = 1, let
Si = {z = reiθ | 0 ≤ r < +∞, (i− 2)π/4 ≤ θ ≤ iπ/4 } ,
for i = 1, 2, 3, 4, be sectors which cover the complex plane. For simplicity we put C+ = S1.
On the sector S1 = C+, let
r = |z|, τ = y/x for z = x+ iy .
Note that if (r, θ) are the polar coordinates for z, then τ = tan θ. The map π : R≥0×[−1, 1]→ C
which sends (r, τ) to x+ iy with
x =
r√
τ 2 + 1
, y =
rτ√
τ 2 + 1
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induces a continuous semi-algebraic map
π : R≥0 × [−1, 1]→ C+ ,
which is proper surjective and isomorphic outside the origin of the sector. Note that the map
by the polar coordinates (r, θ) 7→ (x, y) is not semi-algebraic, but by using τ in place of θ we
obtain the semi-algebraic map π.
On C+ − {0}, we have identities
dz
z
=
dr
r
+ i
dτ
τ 2 + 1
and
dz
z
∧ dz¯ = −2(τ + i)
(τ 2 + 1)3/2
dr ∧ dτ .
For S2, take τ = −x/y and consider the map π : R≥0 × [−1, 1] → S2 that sends (r, τ) to
−rτ/√τ 2 + 1 + iτ/√τ 2 + 1. Then the same formula for dz/z ∧ dz¯ holds up to a factor of −i.
Similarly for S3 and S4, with appropriate choices of τ and π.
In case n ≥ 2, Cn is covered by the products of sectors
Sα1 × · · · × Sαn
for sequences (α1, · · · , αn) taking values in {1, 2, 3, 4}. For each such product of sectors, there
is a continuous, proper surjective semi-algebraic map
(R≥0 × [−1, 1])n → Sα1 × · · · × Sαn
given as the product of the maps π : R≥0 × [−1, 1]→ Sαi just mentioned.
Let m be an integer with n ≤ m ≤ 2n. By definition, an (n,m − n)-form on Cn with
logarithmic singularities along Hi is a linear combination, with coefficients smooth functions
on Cn, of the forms
(
dz1
z1
∧ · · · ∧ dzn
zn
) ∧
∧
k∈R
dz¯k (4.2.a)
with R a subset of cardinality m− n of {1, · · · , n}.
Writing C˜+ = R≥0 × [−1, 1] for short, let
π = πα1,··· ,αn : C˜
n
+ → Sα1 × · · · × Sαn (4.2.b)
be the product of the maps π : C˜+ → Sαi , still denoted by the same letter. It is a continuous,
proper surjective semi-algebraic map, which is isomorphic over
∏
(Sαi − {0}). The map i ◦ π :
C˜n+ → Cn, where i : Sα1 × · · · × Sαn → Cn is the inclusion, will also be written π.
The pull-back of the form (4.2.a) by π is the sum of the forms (up to a product of ±i)
(
∏
j∈Q
1
τ 2j + 1
)
(∏
k∈R
−2(τk + i)
(τ 2k + 1)
3/2
)
· ϕP,Q,R
with
ϕP,Q,R :=
∧
i∈P
dri
ri
∧
∧
j∈Q
dτj ∧
∧
k∈R
(drk ∧ dτk) , (4.2.c)
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where (P,Q) varies over the partitions of {1, · · · , n}−R. The function in front of ϕP,Q,R in the
first formula is smooth and bounded.
Consider the map
C˜n+ = C˜
P
+ × C˜Q+ × C˜R+ → RP≥0 × [−1, 1]Q × C˜R+
obtained as the product of the maps
C˜P+ → RP≥0 , (ri, τi) 7→ (ri) ,
C˜
Q
+ → [−1, 1]Q , (rj, τj) 7→ (τj) ,
C˜R+ → C˜R+ , the identity map .
The target of this map is a subset of RP ×RQ× (R×R)R with coordinates (ri)i∈P , (τj)j∈Q and
(rk, τk)k∈R. Composing with the inclusion we obtain a map
q = qP,Q,R : C˜
n
+ → RP × RQ × (R2)R = Rp × Rm−p .
For i ∈ P , let Hi = {ri = 0}, and for I ⊂ P , HI = ∩i∈IHi.
For A an m-admissible compact semi-algebraic set of Cn, and ω a logarithmic (n,m −
n)-form, there exists an open semi-algebraic set U ⊂ A which is a Nash submanifold and
dim(A\U) < m, thus ∫
A
|ω| is defined. We ask if the integral is absolutely convergent. Taking
intersections, we may assume that A is contained in Sα1 × · · ·×Sαn . Let π be the map (4.2.b).
If A0 := A− (∪Hi), then by definition
∫
A
|ω| is equal to∫
A0
|ω| .
Since π : π−1(A0) → A0 is an isomorphism of semi-algebraic sets, it equals to ∫
π−1(A0)
|ω|.
Decomposing the form ω as above, one is reduced to the absolute convergence of the integral∫
π−1(A0)
|ϕP,Q,R| .
Let ϕ′P,Q,R be the m-form on R
P × RQ × (R2)R defined by the same formula (4.2.c), which
has logarithmic singularities along {ri = 0} for i ∈ P . We have ϕP,Q,R = q∗ϕ′P,Q,R. Applying
2.5to the set π−1(A0) and the projection q, we further reduce the question to the absolute
convergence of ∫
qπ−1(A0)
|ϕ′P,Q,R| . (4.2.d)
The last convergence holds true if the closure of qπ−1(A0) is allowable in RP ×RQ × (R2)R
with respect to {ri = 0}, i ∈ P . This will be shown in the next proposition.
Next assume that A is compact m-admissible in (P1)n. For a chart Cn =
∏
(P1−{αi})n, let
Ri = {|zi| ≤ 1} if αi =∞ and Ri = {|zi| ≥ 1} if αi = 0, and consider the subset of the chart
A′ = A ∩ (R1 × · · · × Rn) .
Then A′ is compact m-admissible in the chart. Since the integral
∫
A′
|ω| absolutely converges
on each chart, the integral
∫
A
|ω| also absolutely converges.
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(4.3) Proposition. Let A be a compact semi-algebraic set of Cn which is m-admissible with
respect to {Hi}. Let π : C˜n+ → Cn be a map as (4.2.b), and q : C˜n+ → Rm be the map associated
with a partition (P,Q,R) of {1, · · · , n} with |P |+ |Q|+ 2|R| = m. Then the set qπ−1(A) is a
compact semi-algebraic set of Rm, which is allowable with respect to Hi = {ri = 0}, i ∈ P .
Proof. We begin by introducing auxiliary maps π1 and q1. For simplicity assume that π =
π1,··· ,1 : C˜
n
+ → Cn+. For the partition (P,Q,R), consider the product map
1× π × π : CP × C˜Q+ × C˜R+ → CP × CQ+ × CR+ ,
and let π1 : C
P × C˜Q+ × C˜R+ → Cn be the composition with the inclusion in Cn. The map
π : C˜n+ → Cn factors as π1 ◦ pr, where pr : C˜n+ → CP × C˜Q+ × C˜R+ is projection. Also consider
the map
q1 : C
P
+ × C˜Q+ × C˜R+ → RP≥0 × [−1, 1]Q × C˜R+ →֒ Rp × Rm−p
obtained as the product of the maps
C˜P+ → RP≥0 , (zi) 7→ (ri) ,
C˜
Q
+ → [−1, 1]Q , (rj, τj) 7→ (τj) ,
C˜R+ → C˜R+ , the identity map .
Note that q = q1 ◦ pr. We thus have πq−1(A) = π1q−11 (A); we will show below the allowability
of π1q
−1
1 (A).
For a subset J of {1, · · · , n}, the set HJ ∩ (CP × CQ+ × CR+) will be just written HJ . Let
H0J := {(zi) ∈ CP × CQ+ × CR+ | zi = 0 (i ∈ J) , zi 6= 0 (i ∈ {1, · · · , n} − J )}
be an open set of HJ . For J = ∅, H0∅ is the complement of the union of Hi for i = 1, · · · , n.
Clearly, CP × CQ+ × CR+ is the disjoint union of H0J , with J varying over subsets of {1, · · · , n},
and HI = ∪J⊃IH0J .
For a subset J ⊂ {1, · · · , n}, let J ′ = J∩P and J ′′ = J∩(Q∪R). Over H0J , the induced map
π1 : π
−1
1 (H
0
J ) → H0J is a product bundle with fiber [−1, 1]J ′′ . Indeed the map π : C˜Q+ × C˜R+ →
C
Q
+×CR+ is a product bundle over the subset {(zi) ∈ CQ+×CR+ | zi = 0 (i ∈ J ′′), zi 6= 0 (i 6∈ J ′′) }
with fiber [−1, 1]J ′′ .
Since A is compact and m-admissible, for a subset J of {1, · · · , n}, one has dim(A ∩ HJ ∩

n) ≤ m− 2|J |. We will show
dim q1π
−1
1 (A ∩H0J ) < m− |J ′| (4.3.a)
for J non-empty. Also we have dim q1π
−1
1 (A ∩ H0∅) ≤ m, which is obvious since π1 is an
isomorphism over A ∩H0∅.
For each non-empty J , we can write
A ∩H0J = A′J ∪ A′′J
where A′J , A
′′
J are closed semi-algebraic sets of H
0
J with
dimA′J ≤ m− 2|J | and A′′J ⊂ H0J ∩D .
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Indeed one can take A′J to be the closure of A∩H0J ∩n in H0J (with respect to the Euclidean
topology), and A′′J = A ∩H0J ∩D.
Since π1 is proper, continuous and semi-algebraic, π
−1
1 (A) is compact and semi-algebraic.
For a non-empty subset J ⊂ {1, · · · , n} we have
dim π−11 (A
′
J) = dim(A
′
J) + |J ′′| ≤ m− 2|J |+ |J ′′| = m− |J | − |J ′|
(the last identity holds by |J ′|+ |J ′′| = |J |). Thus dim q1π−11 (A′J) < m− |J ′|.
As for A′′J , for each t ∈ {1, · · · , n}, consider the set A′′J∩{zt = 1}. If t ∈ J , then A′′J∩{zt = 1}
is empty since H0J ∩ {zt = 1} = ∅. If t 6∈ J , then
q1π
−1
1 (A
′′
J ∩ {zt = 1}) ⊂


HJ ′ ∩ {rt = 1} if t ∈ P ,
HJ ′ ∩ {τt = 0} if t ∈ Q ,
HJ ′ ∩ {rt = 1} ∩ {τt = 0} if t ∈ R ,
so in either case
dim q1π
−1
1 (A
′′
J ∩ {zt = 1}) < dimHJ ′ = m− |J ′| .
Since A′′J is the union of A
′′
J ∩{zt = 1} for t, one has dim q1π−11 (A′′J) < m−|J ′| for J non-empty.
The inequality (4.3.a) hence follows.
Now, for I a subset of P , we evaluate the dimension of the set q1π
−1
1 (A)∩HI . By q−11 (HI) =
π−11 (HI) = ∪J⊃Iπ−11 (H0J), one has
q1π
−1
1 (A) ∩HI =
⋃
J⊃I
q1π
−1
1 (A ∩H0J) . (4.3.b)
If I 6= ∅, for each J containing I (namely J ′ ⊃ I) we have
dim q1π
−1
1 (A ∩H0J ) < m− |J ′| ≤ m− |I| ,
so it follows that dim q1π
−1
1 (A) ∩HI < m− |I|. This shows that the set q1π−11 (A) is allowable
with respect to Hi, i ∈ P .
From this proposition and the discussion in (4.2) we derive the following theorem.
(4.4) Theorem. Let A be a compact semi-algebraic set of Cn which is m-admissible, and let
ω be an (n,m− n)-form on Cn with logarithmic singularities. Then the integral∫
A
ω
absolutely converges.
The same holds for an m-admissible compact semi-algebraic set of (P1)n and a logarithmic
(n,m− n)-form.
We turn to another related problem, and we show Theorem (4.7), which will be needed in
the proof of the Cauchy formula.
(4.5) Proposition. Let n ≥ 2 and A be a compact semi-algebraic set of Cn which is m-
admissible. Let π be a map as (4.2.b). Let P,Q,R be a partition of {1, · · · , n} with |P |+ |Q|+
2|R| = m and with 1 ∈ R, and q : C˜n+ → Rm be the associated map. Assume that
A ⊂ {|z1| ≥ |z2|} .
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Then the set qπ−1(A) is allowable with respect to Hi = {ri = 0} for i ∈ P ∪ {1}.
Remark. (1) Compared with (4.3), the assumption is stronger and the conclusion is also
stronger.
(2) Without the assumption A ⊂ {|z1| ≥ |z2|}, the set qπ−1(A) may not be allowable.
Indeed let N = {|z1| ≤ 1} ⊂ C, let B be a compact semi-algebraic set of dimension one of
C with 0 6∈ B, and define
A = N × B ;
then A is compact 3-admissible semi-algebraic set of in C2. One easily verifies that the set
qπ−1(A) is not allowable as its intersection with {r1 = 0} is of dimension 2.
Proof. We adapt the proof of Proposition (4.3), keeping the notation there. With the maps π1
and q1 defined there, we will show the allowability of q1π
−1
1 (A). By the assumption on A, we
have A ∩H1 = A ∩H12, so A ∩H0J = if 1 ∈ J but 2 6∈ J .
We claim that for a non-empty subset J of {1, · · · , n}, the following inequality holds:
dim q1π
−1
1 (A ∩H0J) < m− |J ∩ (P ∪ {1})| . (4.5.a)
We will derive this from the same inequalities with A ∩H0J replaced by A′J and A′′J .
We first show
dim π−11 (A
′
J) < m− |J ∩ (P ∪ {1})| . (4.5.b)
Indeed for A′J we showed in the proof of (4.3) the inequality
dim π−11 (A
′
J) ≤ m− |J | − |J ′| .
If 1 6∈ J , then J ∩ (P ∪{1}) = J ′ so (4.5.c) holds. If 1 ∈ J and 2 6∈ J , then A∩H0J is empty and
the assertion is trivial. In case {1, 2} ⊂ J , then |J ∩ (P ∪ {1})| = |J ′|+ 1 and |J | > 1, hence
m− |J | − |J ′| < m− |J ∩ (P ∪ {1})| .
Next we show
dim q1π
−1
1 (A
′′
J) < m− |J ∩ (P ∪ {1})| . (4.5.c)
If t ∈ J , then A′′J ∩{zt = 1} is empty. Assume thus t 6∈ J . If 1 6∈ J , this was shown in the proof
of (4.3). If 1 ∈ J and 2 6∈ J , then A ∩H0J = ∅. If {1, 2} ⊂ J and t 6∈ J , then
q1π
−1
1 (A
′′
J ∩ {zt = 1}) ⊂


HJ ′ ∩ {rt = 1} ∩ {r1 = 0} if t ∈ P ,
HJ ′ ∩ {τt = 0} ∩ {r1 = 0} if t ∈ Q ,
HJ ′ ∩ {rt = 1} ∩ {τt = 0} ∩ {r1 = 0} if t ∈ R .
Hence have dim q1π
−1
1 (A
′′
J ∩ {zt = 1}) < dimHJ ′ − 1 = m− |J ′| − 1 = m− |J ∩ (P ∪ {1})|, so
(4.5.c) holds.
For a non-empty subset I of P ∪ {1}, let HI = ∩i∈IHi, and we evaluate the dimension of
q1π
−1
1 (A) ∩ HI . For each J containing I, thus J ∩ (P ∪ {1}) ⊃ I, it follows from (4.3.b) and
(4.5.a) that dim q1π
−1
1 (A∩H0J ) < m−|I|. Consequently dim qπ−11 (A)∩HI < m−|I|, concluding
the proof.
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We state an analogous result for A meeting Hi only in D. The proof is similar but simpler.
(4.6) Proposition. Let A be a compact semi-algebraic set of Cn of dimension ≤ m such that
A ∩ (∪Hi) ⊂ D. Let π be a map as (4.2.b). Let P,Q,R be a partition of {1, · · · , n} with
|P | + |Q| + 2|R| = m, and q the associated map. Then qπ−1(A) is allowable with respect to
Hi = {ri = 0} for i ∈ P ∪ R.
Proof. We may assume A ∩ (∪Hi) ⊂ {zt = 1} for some t. Indeed, for a permutation σ of
{1, . . . , n}, let
Rσ = { |zσ(1) − 1| ≤ |zσ(2) − 1| ≤ · · · |zσ(n) − 1| } .
Then Cn is the union of Rσ for permutations σ, and D ∩Rσ ⊂ {zσ(1) = 1}. The given A is the
union of A ∩ Rσ, and one has (A ∩ Rσ) ∩ (∪Hi) ⊂ {zσ(1) = 1}.
For a non-empty subset I of P ∪ R, we evaluate the dimension of qπ−1(A) ∩HI . If t ∈ I,
the set is empty; thus we will assume t ∈ I. Then
qπ−1(A) ∩HI ⊂


HI ∩ {rt = 1} if t ∈ P ,
HI ∩ {τt = 0} if t ∈ Q ,
HI ∩ {rt = 1} ∩ {τt = 0} if t ∈ R ,
and it follows that dim qπ−1(A) ∩HI < dimHI .
(4.7) Theorem. Suppose n ≥ 2 and A is a compact semi-algebraic set of Cn which is m-
admissible with respect to {Hi}. For small t > 0, let
At = A ∩ {|z1| = t ≥ |z2|} ,
which is a compact semi-algebraic set of dimension ≤ m− 1. Let ω be an (n,m− n− 1)-form
on Cn with logarithmic singularities. Then the integral∫
At
|ω|
converges to zero as t→ 0.
The same holds for an m-admissible compact semi-algebraic set A of (P1)n and a logarithmic
(n,m− n)-form ω, taking
At = A ∩ {|z1|ǫ1 = t ≥ |z2|ǫ2} ,
where ǫi ∈ {−1, 1} for i = 1, 2.
Proof. The case A ⊂ (P1)n can be reduced to the affine case by an argument as in (4.2). We
will thus assume A ⊂ Cn.
One may replace A with A ∩ {|z1| ≥ |z2|}, since the set At does not change. So we will
assume that A is contained in the region {|z1| ≥ |z2|} and At = A ∩ {|z1| = t}.
For t > 0 small, At is a semi-algebraic set of dimension ≤ m−1 and dim(At∩∪Hi) ≤ m−2,
so the integral vol(At;ω) =
∫
At
|ω| is defined. We will show that there exist C, α > 0 such that
for t > 0 small,
vol(At;ω) ≤ Ctα .
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Let A0 = A− (∪Hi) and A0t = At ∩ A0. Arguing as in (4.2), it is enough to show that, for
each partition (P,Q,R) of {1, · · · , n} with |P | + |Q| + 2|R| = m − 1, we have an estimate of
the form
vol(π−1(A0t );ϕP,Q,R) ≤ Ctα . (4.7.a)
If 1 ∈ P ∪R, then the form ϕP,Q,R involves dr1, so it restricts to zero on At and the integral is
zero. Thus we may assume 1 ∈ Q.
Let Q¯ = Q − {1} and R¯ = R ∪ {1}; then (P, Q¯, R¯) is a partition of {1, · · · , n} with
|P |+ |Q¯|+ 2|R¯| = m. We have the map
q : C˜n+ → RP × RQ¯ × (R2)R¯ = Rm
associated with (P, Q¯, R¯). If ϕ′P,Q,R is the (m − 1)-form on Rm defined as (4.2.c), ϕP,Q,R =
q∗ϕ′P,Q,R.
By (4.5), qπ−1(A) is allowable with respect to Hi, i ∈ P ∪ {1}. Thus by Corollary (3.14.3)
we have, with some C, α > 0,
vol(qπ−1(A) ∩ {r1 = t};ϕ′P,Q,R) ≤ Ctα . (4.7.b)
Note that qπ−1(A) ∩ {r1 = t} = qπ−1(At).
Let q : π−1(A)→ Rm be the restriction of q; then we have a fiber square
π−1(At) −֒→ π−1(A)yq yq
Rm−1
r1=t−֒→ Rm .
It follows that δ(q : π−1(At)→ Rm−1) is bounded by δ := δ(q : π−1(A)→ Rm).
Applying 2.5to q : π−1(At)→ Rm−1, we thus obtain
vol(π−1(At);ϕP,Q,R) ≤ δ · vol(qπ−1(At);ϕ′P,Q,R) . (4.7.c)
The assertion (4.7.a) follows from (4.7.b) and (4.7.c).
The proof of the following theorem is parallel, using (4.6).
(4.8) Theorem. Let A be as in (4.6), and At := A∩{|z1| = t}. Then for ω an (n,m−n−1)-
form on Cn with logarithmic singularities, the integral
∫
At
|ω| converges to zero as t→ 0.
The same holds for a compact semi-algebraic set A of (P1)n of dimension ≤ m such that
A ∩ (∪HI) ⊂ D, and a logarithmic (n,m− n)-form ω, taking
At = A ∩ {|z1|ǫ = t} ,
where ǫ ∈ {−1, 1}.
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